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Abstract. ADHM invariants are cquivariant virtual invariants of moduli spaces 
of twisted cyclic representations of the ADHM quiver in the abelian category 
of coherent sheaves of a smooth complex projective curve X. The goal of 
the present paper is to present a generalization of this construction employing 
a more general stability condition which depends on a real parameter. This 
yields a chamber structure in the ADHM theory of curves, residual ADHM 
invariants being defined by equivariant virtual integration in each chamber. 
Wallcrossing results and applications to local stable pair invariants will be 
presented in the second part of this work. 
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1. Introduction 

1.1. Overview. Let X be a smooth projective variety over C equipped with a very 
ample line bundle Ox(l)- Let Mi, M2 be fixed invertible sheaves on X and let Eoo 
be a fixed coherent locally free Oj^-modules. 

Definition 1.1. An ADHM sheaf £ on X with twisting data {Mi, M2) and framing 
data Eoo is a coherent Ox -module E deeorated by morphisms 

<^>, : E(g)x M, E, (j): E®x Mi®x Eoo, ip : Eoo E 

with i = 1,2 satisfying the ADHM relation 

(1.1) $1 o ($2 ® 1a/i) - <I'2 o ($1 ® Imo) + V o0 = 0. 

An ADHM sheaf £ will he said to have Hilhert polynomial P if E has Hilbert polyno- 
mial P. If X is a curve, an ADHM sheaf £ will be said to be of type {r, e) G Z>o x Z 
if E has rank r G Z>o and degree e G Z. 

Motivated by string theoretic questions, the moduli problem for such decorated 
sheaves has been considered in detail in [20]. Very briefly, the main results of [20] 
can be summarized as follows 

• There exists a stability condition which yields a separated algebraic moduli 
space of finite type over C of stable ADHM sheaves with fixed data X = 
{X, Ml, M2, Eoo) and Hilbert polynomial P. The stability condition in 
question requires E to be torsion free, ip to be nontrivial, and forbids the 
existence of nontrivial saturated proper subsheaves C E' C E preserved 
by $i,$2 and containing the image of -0. This is essentially a cyclicity 
condition. 

• If X is a smooth projective curve over C, the above moduli space is equipped 
with a torus equivariant perfect tangent-obstruction theory which yields a 
residual theory by virtual integration on the fixed loci. In particular the 
torus fixed loci have been shown to be proper of finite type over C. 

• If X is a smooth projective curve over C and Eoo = Ox, the resulting 
residual theory is equivalent to a local version of the stable pair theory 
constructed by Pandharipande and Thomas |71| . The proof of this equiv- 
alence relies on the relative Beilinson spectral sequence [70] for projective 
bundles. This was shown in |20| to yield a torus equivariant isomorphism of 
moduli spaces equipped with perfect tangent obstruction theories between 
the moduli space of ADHM sheaves on X and a moduli space of coherent 
systems on a projective bundle over X. The projective bundle n : Y ^ X 
is determined by the data (Mi, M2), that is F = Proj(C'x © Mi © M2). 

The main goal of the present paper is to construct a chamber structure in the 
ADHM theory of curves employing a more general stability condition which depends 
on a real stability parameter. Equivariant virtual invariants will be defined in each 
chamber and a wallcrossing result at the origin will be proven. Before summarizing 
the main results in more detail note that there at least two main reasons for this 
construction. 

First note the presence of stability parameters is very natural in moduli problems 
for decorated sheaves [Hi [II [TO] [SI 1^ [3 El [M] |M1 ISS 121 [II [III [13 EZ] [7i 
Recall that variations of the stability parameter have played a crucial role in the 
proof of the Verlinde formula [HHl [ED , birational transformations of moduli spaces 
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[86l|6l[87], the quantum cohomology of the grassmannian [7], as weh as the topology 
of moduh spaces of sheaves of surfaces [25l[32l[29l[72l[89l[3ll|62l[63]. From this 
point of view, the stabihty condition employed in f20| lacks a proper conceptual 
framework. Indeed in this paper it will be shown that the stability condition in 
question is in fact an asymptotic form of a more general (5-stability condition, where 
S S M>o is a stability parameter. 

Moreover, moduli spaces of coherent systems have been recently related to 
curve counting problems by Pandharipande and Thomas |71] and to generalized 
Donaldson-Thomas invariants by Joyce and Song [431 . Again, the stability con- 
dition employed in these cases is an asymptotic form of the stability conditions 
for coherent systems defined in [53l [54j [32] ■ Therefore a natural question raised 
in the introduction of j71[ is whether such virtual invariants admit deformations 
corresponding to variations of the stability parameter for coherent systems. This 
would require in principle the construction of a virtual cycle on the moduli space 
of stable coherent systems on smooth projective threefolds for arbitrary values of 
the stability parameter. As observed in the introduction of [71] . such a cycle is not 
expected to exist in general, therefore the question seems to have a negative answer. 
However this paper will provide a positive answer for local stable pair theory theory, 
which was related to the ADHM theory of curves in [5D] . It will be proven that such 
deformations of the local invariants exist, but the moduli spaces employed in the 
construction are not isomorphic to moduli spaces of coherent systems for generic 
values of the stability parameter (see remark ([1.3p below). 

A similar chamber structure in the stable pair theory of smooth projective 
Calabi-Yau threefolds has been previously constructed by Toda in [88], employ- 
ing variations of stability conditions in the derived categorjQ. The main results of 
[88] are a wallcrossing formula [88] Thm. 1.3] for the generating functional of stable 
pair invariants defined via the stack theoretic topological Euler character [4T] [39] 
which implies [88l Cor. 1.4] the BPS rationality conjecture [71] for such invariants. 

The chamber structure constructed in the present paper is obtained by varia- 
tions of stability conditions in a suitable abelian category, properness and virtual 
smoothness results being proven in each chamber. As a result, invariants are defined 
by equivariant virtual integration for any generic value of the stability parameter. 
One of the the main applications of this construction are wallcrossing formulas for 
these invariants which imply the BPS rationality conjecture for local stable pair 
invariants, as in [55] • These results will be derived from Joyce's Ringel-Hall algebra 
theory [551 [321 1101 HH SI] , as well as the theory of generalized Donaldson-Thomas 
invariants of Joyce and Song |43| in the second part of the present work [17] . 

A different motivation for this paper resides in string theoretic questions con- 
cerning wallcrossing phenomena for BPS states in Calabi-Yau compactifications and 
black holes [HI [21] [26l [36] . More specifically, Jafferis and Moore [36] have shown 
that the spectrum of BPS states in a conifold compactification depends on an extra 
real parameter in addition to the expected complexified Kahler moduli. This extra 
parameter is expected to be related to the real stability parameter introduced in 
this paper although the precise connection will be left for future work. 

Finally note that similar constructions for Donaldson- Thomas invariants of toric 
resolutions of crepant threefold singularities have been carried out in [73] [SHJ IMJ 
[60l [48] as well as the physics literature [181 [69] . These invariants arc constructed 
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in terms of moduli spaces of quiver representations, using the stability conditions 
defined in [46] . 

The present work consists of two parts, the first being focused on existence 
and construction results as described below. The second part is concerned with 
wallcrossing formulas and applications to local stable pair and Gopakumar-Vafa 
invariants. 

f .2. Construction results. This paper will consider ADHM sheaves on a smooth 
projective curve X over C with fixed twisting data (Mi,M2) and fixed fram- 
ing data Eoo = Ox, in which case the ADHM theory is equivalent to the lo- 
cal Pandharipande-Thomas theory for the total space of the rank two bundle 
M^^ . Moreover, Mi,Af2 will be chosen so that there is an isomorphism 
Ml ®x M2 — , which implies that the total space in question is if-trivial. This 
condition will be needed in the construction of a symmetric perfect obstruction 
theory for generic values of the stability parameter. 

The (5-stability condition for ADHM sheaves is introduced in section (|2.1I) . defi- 
nition (|2.ip . Note that lemma (|2.3p allows us to restrict our treatment to positive 
values of the stability parameter. Several basic properties as well as preliminary 
boundedness results are proven in section (|2.2|) . 

Sections (|3.2p reformulate (5-stability for ADHM sheaves as a slope stability 

condition in an abelian subcategory of quiver sheaves. This condition belongs to the 
class of slope stability conditions considered in [2l |3l |68] in the context of Hitchin- 
Kobayashi correspondence for quiver sheaves. These results will be needed in the 
analysis of wallcrossing behavior in later sections. Some homological algebra results 
are proven in section p.3p . 

Section (U) consists of a detailed analysis of variations of the stability parameter 
5 G M>o- It is proven in section (|4.1|) . lemmas (j4.4p . (j4.7|) . (|4.8p . that for fixed rank 
r G Z>i and fixed degree e G Z there are finitely many critical values 5i G K>o, 
i = 1,...,A^ dividing the positive real axis into stability chambers. The set of 
5-stable ADHM sheaves of type (r, e) is constant within each chamber, and strictly 
semistable objects may exist only if 5 takes a critical value. Moreover, for sufficiently 
large 6, (5-stability is equivalent to the stability condition used in [50]. Section (|4.2p 
is focused on the wallcrossing behavior of 5-stable objects when 5 specializes to 
a critical value. In particular lemmas (|4.10p . (|4.13|) . respectively (|4.14p . ()4.15|) 
examine the interaction between generic ^-stability and semistability at a critical 
value, respectively the origin. 

The moduli problem for (5-semistable ADHM sheaves is the main subject of 
section ([5]). The first result proven in this section is the following. 

Theorem 1.2. The groupoid dyif'{X, r, e), where X denotes the triple (X, Mi, A/2), 
is an Artin stack of finite type over C for any (r, e) G Z>i x Z and any d G ]R>o- 
If S Q R>o is noncritical of type (r, e), the moduli stack dJlg^ (X ,r, e) is a separated 
algebraic space of finite type over C. 

Other moduli stacks needed in the second part of this paper are similarly con- 
structed in section (|5.2p . 

Remark 1.3. (i) The GIT construction of moduli spaces of ADHM sheaves has 
been carried out by Jardim |37j over projective spaces and Schmitt |75j over arbitrary 
smooth projective varieties. In particular, using the results of [75] one can prove that 
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the moduli space constructed in theorem il.2\) for noncritical stability parameter is 
a quasi-projective scheme over C. 

(ii) According to lemma J^. 7p , the moduli space of 6-semistable ADHM sheaves 
is isomorphic to the moduli space constructed in [20[ Thm 1.1] for sufficiently 
large S. In particular it is also isomorphic to a quasi-projective moduli space 
of asymptotically stable coherent systems as proven in [20\ Thm. 1.11]. The 
proof of this theorem relies on a vanishing result \20\ Lemma 2.5] for the mor- 
phism (j) : E ®x Mi ®x M2 — > Ox for asymptotically stable ADHM sheaves 
£ = $1, $2) 0, V')- However, such a vanishing result no longer necessarily holds 
when S lies in other chambers on the positive real axis. Therefore in this case, the 
moduli space of 5-semistable ADHM sheaves is not expected to be isomorphic to a 
moduli space of 5-semistable coherent systems. 

{Hi) Since '^^{X^r^e) is a separated algebraic space of finite type over C for 
noncritical 5 e R>Oi it has a coarse moduli space |45] . which is furthermore iso- 
morphic to r, e, ). In the following we will implicitly identify 3Jl^'*(A', r, e) 
with its coarse moduli space. 

(iv) Lemma h2. 9]) implies that theorem 11. 2\) also holds for stability parameters 
S e K<o. 

Next note that there there is a natural torus T = x action on the moduh 
space of (5-stable ADHM sheaves, defined by scaling the ADHM data as follows 

{ti,t2) X (i;,$i,$2,'/',V') {E,ti^i,t2(p2,tit2(t>,i'). 

Let S ~ C T denote the antidiagonal torus defined by the embedding t 
{t~^,t). The next result proven in section (|5.4|) establishes the existence of a torus 
equivariant perfect tangent-obstruction theory for noncritical values of the stability 
parameter. 

Theorem 1.4. Let S G M>o be a noncritical stability parameter of type (r, e) £ 
Z>i X Z. Then the algebraic moduli space dJtg^{X,r,e) has a T-equivariant as well 
as S-equivariant perfect tangent-obstruction theory. Moreover, the perfect tangent- 
obstruction theory ofdJtg^{X,r,e) is S-equivariant symmetric. 

Using this structure, one would like to define a residual 5- ADHM theory of curves 
by virtual integration on the torus fixed loci. In particular, a properness result for 
the fixed loci is needed. Properness of the T-fixcd loci can be proven by analogy 
with [501 Prop. 3.15]. However, properness of the S-fixed loci is more difficult, 
and will require a more elaborate proof, which is presented in section (j5.3p . The 
proof relies on an inductive argument involving in particular a generalization of 
Langton's properness results [5T| to flat families of ADHM sheaves. This requires 
several preliminary results concerning the structure of fixed loci in the moduli space 
of semistable Higgs sheaves - section (|6.1|) , and framed Hitchin pairs - section (|6.2p , 
as well as elementary modifications of flat families of ADHM sheaves - section (|6.4p . 
Similar extensions of Langton's proof to moduli of decorated sheaves have been 
carried out in j65j for Hitchin pairs and |80j for 2?-modules. The final result proven 
in section (|6.5|) is 

Theorem 1.5. Let S G R>o be a noncritical stability parameter of type (r, e) G 
Z>i X Z. Then the fixed locus DJlg'^ {X ,r, e)^ is a proper algebraic space of finite 
type over C. 

An immediate corollary of theorem (|1.5[) is 
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Corollary 1.6. Under the conditions of theorem il.5\} . the fixed locus dJlg^{X,r,e)'^ 
is a proper algebraic space of finite type over C. 

Theorems (|1.4p and p. 51) and corollary p.6p imply via [30] the following 

Corollary 1.7. Suppose the conditions of theorem lll.5\) are satisfied. Then the 
following statements hold. 

(z) The T -fixed locus dJlg^{X,r,e)'^ is equipped with an induced perfect tangent- 
obstruction theory, which yields a virtual fundamental cycle 



equivariant K -theory of locally free sheaves of the fixed locus. 

(ii) Analogous results hold for the S- fixed loci. Moreover, in this case, the induced 
perfect tangent- obstruction theory is symmetric and the resulting virtual fundamen- 
tal cycle is a 0-cycle. 

Using corollary pTT)) the residual ADHM theory of the data X = (X, Mi, M2) is 
defined as follows 

Definition 1.8. Let (r, e) e Z>i x Z, and S G M>o be a noncritical stability 
parameter. Then the T- equivariant 6-ADHM invariant of type (r, e) is defined by 



The S-equivariant S -ADHM invariant of type (r, e) Af{r,e) is defined analogously. 

Finally, the goal of section ([7]) is to prove that the deformation results obtained by 
Joyce and Song for coherent sheaves on Calabi-Yau threefolds also hold for locally 
free ADHM sheaves on curves. More precisely theorems (|7.ip . (|7.2p are entirely 
analogous to theorems [531 Thm. 5.2], [?31 Thm. 5.3] and follow by the same type of 
deformation theory arguments applied to locally free ADHM sheaves. Moreover it is 
proven that the Behrcnd function identities proven in [331 Thm. 5.9] also hold with 
appropriate modifications in the present case. Using these statements, the main 
results in the theory of generalized Donaldson- Thomas invariants of |43| apply to 
ADHM sheaf invariants, allowing one to derive explicit wallcrossing formulas. This 
will be presented in detail in the second part of this paper. 
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Notation and Conventions. Throughout this paper, we will denote by G 
the category of schemes of finite type over C. For any such schemes X, S we set 
Xs = S X X and Xs ~ Spec(fc(.s)) xs X for any point s € S, where fc(s) is the 
residual field of s. Let also tts : Xs S, ttx : Xs X denote the canonical 
projections. We will also set Fs — t^*xF for any Ox-module F. Given a morphism 
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/ : 5' — !• S, we will denote by fx ^ f ^ Ix ■ Xsi -> Xs- Any niorphisni f : S' ^ S, 
yields a commutative diagram of the form 




Then for any -module F there is a canonical isomorphism Fs> ~ fx^s which 
will be implicit in the following. 

2. 5-STABILITY FOR ADHM SHEAVES 

2.1. Definition and basic properties. Let AT be a smooth projective curve over 
an infinite field K of characteristic equipped with a very ample line bundle Ox{^)- 
Let Mi,M2 be fixed line bundles on X so that Mi ®x M2 — K^^. Such an 
isomorphism will be fixed throughout this paper, and we will also set M = Mi ^x 
M2. As stated in the beginning of section (jl.ip . we will consider ADHM sheaves 
pOl Def. 2.1] £ = {E, $1, $2, </>, -0) on X with twisting data (Mi, M2) and framing 
data Eoo = Ox- Given a coherent locally free Ox-module E we will denote by 
r{E), d{E), ii{E) the rank, degree, respectively slope of E. An ADHM sheaf £ will 
be called locally free if i5 is a coherent locally free Ox-module. If f is a locally free 
ADHM sheaf the pair {r{E),d{E)) will be called the type of £. 

Let (5 G M \ {0} be a stability parameter. For a nontrivial locally free ADHM 
sheaf £ we define the (5-slope of £ to be 

^,,{£) = ^,{E) + 

r{E) 

Moreover a subsheaf Q d E' d E will be called ^-invariant if ^i{E' ® Mi) C E' for 
? = 1,2. 

Definition 2.1. Let (5 G M \ {0} he a stability parameter. A nontrivial locally free 
ADHM sheaf £ = {E, $1, $2, 0, ip) is 5-(semi)stable if the following conditions are 
satisfied 

(i) ip is nontrivial if S > respectively (f> is nontrivial if S <0. 
[ii) Any ^-invariant nontrivial proper saturated subsheaf (Z E' C E so that 
lm('0) C E' satisfies 

(2.1) fi{E') + -^ {<) f,s{£). 

(Hi) Any ^-invariant nontrivial proper saturated subsheaf (Z E' C E so that 
E' ®x M C Ker(0) satisfies 

(2.2) fi{E') (<) fis{£). 

We also define (semi)stability at 5 = as follows. 

Definition 2.2. A nontrivial locally free ADHM sheaf £ = {E, $1.2, ip) be on X 
is 0- (semi) stable if any '^-invariant proper nontrivial saturated subsheaf <Z E' <Z E 
so that Im(?/') C E' or E' ®x M C Ker(0) satisfies 

(2.3) ^i{E') (<) ^i{E). 



8 



D.-E. DIACONESCU 



Let £ = (i;, $i,<I>2,(/),'0) be a locally free ADHM sheaf on X of type (r, e) £ 
Z>i X Z. Then the data 

= 1m.) ® 1a/-i : E(E)M,^ E 

(2.4) 

= 1/;^® l^^-i : £; ®x Af Ox 
^ ^ (j)'' : Ox ^ E 

with i = 1,2, determines a locally free ADHM sheaf £ of type 

r = r e = — e + 2r(g — 1) 

where 5 G Z>o is the genus of X. £ will be called the dual of £ in the following. 
Note that £ has the same twisting and framing data as £. 

Lemma 2.3. Let 6 £ R>o be a positive stability parameter and let £ be a locally free 
ADHM sheaf on X . Then £ is 6 -(semi) stable if and only if £ is [—5)-(semi)stable. 

Proof. Straightforward verification of stability conditions. 

□ 

Using lemma (j2.3p it suffices to consider only positive stability parameters 6 £ 
M>o from this point on. 

2.2. Boundedness results. This subsection consists of several boundedness re- 
sults for scmistablc ADHM sheaves required at later stages in the paper. As in the 
previous subsection, X is a smooth projective curve over an infinite field K of char- 
acteristic and Ml , M2 are fixed line bundles on X equipped with an isomorphism 
Ml (g)x M2 ~ KJ^K 

Lemma 2.4. Let (r, e) £ Z>i x X be a fixed type. Then the set of isomorphism 
classes of locally free sheaves E of type (r, e) on X so that (i?, <l>i_2, 0, "0) 
semistable ADHM sheaf for some 6 G M>o and some morphisms ($1^2, ^iV') 
bounded. 

Proof. This is the generalization of [501 Prop. 2.7] to (5-stable ADHM sheaves. 
The proof will be based on Maruyama's theorem [57] 

Theorem 2.5. (Maruyama). A family of sheaves E with fixed Hilbert polynomial 
P and ^max{E) < C for a fixed constant C is bounded. 

and the following standard technical lemma (used for example in the proof of [651 
Prop. 3.2], [71 Thm. 3.1]). 

Lemma 2.6. Let E be a torsion-free sheaf of rank r > 2 on X . Suppose E is not 
scmistablc, and let 

= HNoiE) C HNi{E) C...C HNh{E) = E 

be the Harder- Narasimhan filtration of E. Then 

(2.5) pl{HNi{E)) + (r - l)^i{E/HNh^i{E)) < r^i{E). 

According to Maruyama's theorem it suffices to prove that there exists a constant 
C independent on 5 so that /Xmax(-E') < C for all (5-semistable ADHM sheaves 
£ = {E, $1^2, (/>, tp) on X of type (r, e) and aU 5 e M>o. 
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If E is semistable UmaxiE) = /i(-E) is clearly bounded. In particular this is the 
case if r = 1, hence we will assume r > 2 from now on in this proof. Suppose E is 
not semistable of rank r > 2, and let 

(2.6) HNo{E) C HNi{E) C • • • C HN,,{E) = E, 

h >2,he the Harder-Narasimhan filtration of E. Note that the successive quotients 
are locally free and semistable. In particular this implies that h < r. 

Suppose first £ is (5-semistable for some S G ]R.>o or that £ is 0-semistable and 
"0 : Eoa — > is not identically zero. Let G {1, . . . , /i — 1} be the index determined 

by 

^ HN,{E), forj<j^ 
Im( V') C HNj (E), for J > j^, + 1 . 
Note that the morphism 

i^:E^^E/HNj^,{E) 
is nontrivial and [351 Lemma 1.3.3] implies that 

(-Boo) < ^im-AE/HN.^XE)). 

By construction (see the proof of [35] Thm. 1.3.4]) we have ^^^.^{E / HNj^{E)) = 
^i{HNj^^+i{E)/HNj^{E)), therefore we obtain 

(2.7) A^mi„(i?oo) < fi{HN,^.+i{E)/HN,^{E)). 
Moreover, if j^, = h — 1, inequality f|2.7p specializes to 

(Eoo) < fi{E/HNh-i{E)). 

which yields 

(2.8) -fi{E/HNh-i{E))< 

Mmin (E 

If J,/, < ft. — 1, we claim HNj(E) cannot be ^-invariant, for any < j < n — 1. 
According to the (5-stability condition, if HNj{E) is ^-invariant, i = 1,2 for some 
.?■!/'— i — ^ ^ 1' follows that 

Since 5 >Q and r{HNj{E)) < r, this yields a contradiction because fi{HNj{E)) > 
fj.{E) for all j = 1, . . . , /i — 1. This proves the claim. 

Therefore for each j G {j^ + l,...,/i — 1} there exists ij G {1,2} so that 
^i^{HNj{E) (g) Mi.) ^ HNj{E). Then the same argument as in the proof of [Ml 
Prop 3.2] and [76l Thm. 3.1] shows that 

(2.9) ti{HNj{E)/HNj^i{E)) < fi{HNj+i{E)/HNj{E)) - dcg(A/,J. 
Summing inequalities ()2.9p from j ~ + 1 to j = h— 1 wc obtain 

/i-i 

^x{HN,^,+,{E)/HN,^{E))<^Ji{E/HNh-l{E))^ ^ dcg(Af,J. 
Then using inequality (j2.7p wc obtain 

Aimi„(-Boo)+ deg{AU^) < ^i{E/HNh-i{E)). 
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which further yields 

Mmi„(-Boo) ~{h- l)max{|deg(Mi)|, |deg(M2)|} < ^i{E / HNh-i{E)). 

Since we have estabhshed above that h < r, we finally obtain 

(2.10) - fi{E/HNh-i{E)) < -Mmi„(Soo) + (r - l)max{|deg(Mi)|, |dcg(M2)|} 

Taking into account (|2.8p . (|2.10p . inequality (|2.5p implies the existence of the re- 
quired upper bound for ^{H Ni{E)) = /Xmax(£')- 

Next suppose £ is O-semistable and tfj is identically zero. If is also trivial, 
definition (|2.2p implies that the data (i?, $i,$2) is a semistable Higgs sheaf on 
X as defined in (jA.l[) . If cj) is not trivial, definition (j2.2[) implies that the data 
{E, $1, $2; <P) is a framed Hitchin pair on X as defined in (|A.5P . Then boundedness 
has been proven in [5SJ [SU [TH [TS] . This concludes the proof of lemma (|2.4p . 

□ 

Lemma p.4p implies the following corollary by a standard argument. 

Corollary 2.7. T/ie set of isomorphism classes of ADHM sheaves of type {r,e) on 
X which are 5-semistable for at least one value d £ ]R>o is bounded. 

The proof of lemma ()2.4p also implies the following. 

Corollary 2.8. Let r G Z>i be a fixed rank. Then there exists c G Z depending 
only on r so that for any e £ Z, e < c and any 5 G M>o there are no 5-semistable 
ADHM sheaves of type (r, e) on X . 

Proof. Suppose £ = {E, $1,2, V") is a (5-semistable ADHM sheaf of type (r, e). If 
E is semistable, it follows that n{E) > /Xmin(^'cx)) since there must exist a nontrivial 
morphism ip : E^o E. HE is not semistable, equation p.lOp implies that 

m(^) > Mmi„(^) = fi{E/HNh-i{E)) > Mmi„(Soo)-(r-l)max{|deg(Mi)|, |deg(M2)|}. 

This proves the claim. 

□ 

3. Categorical Formulation 

In this subsection we reformulate (5-stability of ADHM sheaves as a stability con- 
dition in a certain abelian category. This will enable us to study the behavior of 
the moduli spaces 9Jt|''(A', r, e) as a function of the stability parameter 6. Similar 
constructions have been carried out for example in |32[ I47| for moduli spaces of 
coherent systems. The abelian category in question will be constructed as a sub- 
category of an abelian category of twisted quiver sheaves on X. Then the slope 
stability condition defined below belongs to the class of stability conditions studied 
in [HIS]. 

3.1. An abelian subcategory of ADHM quiver sheaves. Let X he a scheme 
over an infinite field K of characteristic and let (Mi,M2) be fixed invertible 
sheaves on X. Set M = Mi (S)x M2 and suppose there is a fixed isomorphism M ~ 
K^^ as in the previous section. ADHM quiver sheaves on X are (Mi, M2)-twisted 
representations of an ADHM quiver in the abelian category of quasi-coherent sheaves 
on X. Such objects have been considered in the literature in [21 |3l [28l [84l [78] . Basi- 
cally ADHM quiver sheaves are defined by the same data as ADHM sheaves except 
that the framing data E^o is not fixed. More precisely we have 
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Definition 3.1. (i) An ADHM quiver sheaf on X is a collection £ = {E, Eoo, *&i,2, 0, V') 

where E,Eoo are coherent Ox -modules and 

<i>,: E®x M,~^ E, (j) : E (S)x M E^, : E^ ^ E 

are morphisms of Ox -modules satisfying the ADHM relation. 

(ii) A morphism between two ADHM quiver sheaves £, £' is a pair (C,^oo) of 
morphisms of Ox -modules 

^ : E ^ E\ ^oo : Eoo E'^ 

satisfying the obvious compatibility conditions with the data ($1,27 (Z", V"); {^'1 it 4'' ^ ^')- 
{Hi) An ADHM quiver sheaf £ will be called locally free if E, E^o are locally free 
Ox-modules. 

According to [2 [3l EH [HI EH], ADHM quiver sheaves on X form an abclian 
category Qx ■ Now define a subcategory Cx of the abehan category Qx as follows 

• The objects of Cx are coherent ADHM quiver sheaves with 

Eoo=V®Ox 

where F is a finite dimensional vector space over K (possibly trivial). We 
will denote by z; G Z>o the dimension of V . 

• Given two objects £^£' of Cx a morphism from £ to £' is a morphism 
{S,,£,oo) of ADHM quiver sheaves so that 

ioo = f ® lox 
where f : V V \s a. if-linear map. 

Remark 3.2. (i) Note that there is an obvious one-to-one correspondence between 
ADHM sheaves on X and objects of Ox with v ~ \. Similarly, there is a obvious 
one-to-one correspondence between Higgs sheaves, as defined in IIA.1\) . and objects 
of Cx with V ~ 0. 

(a) Given two ADHM sheaves £, £' on X a morphism A) : >£' Cx^ 
a morphism of ADHM sheaves as defined in [201 Dcf 2.1] if and only if X = 1. 
This distinction is important in the construction of moduli spaces. Note also that 
if (C, A) : is an morphism in Cx, with X ^ 0, then (A"""^^, 1) : £^£' is a 

morphism of ADHM sheaves. 

Lemma 3.3. The category Cx is abelian. 

Proof. Reduces to a straightforward verification that Cx contains all kernel, 
images and cokernels of its morphisms, as well as direct sums. This is easily done 
by standard diagram chasing. We will omit the details. 

□ 

Remark 3.4. Note that if X is connected and proper over K the subcategory Cx 
is a full subcategory of the abelian category of ADHM quiver sheaves Qx- 

3.2. (5-stability in the abelian category. In this subsection let X be a smooth 
projective curve over an infinite field K of characteristic 0. Let (5 G M. Given an 
object £ of Cx; the type of £ is the triple {r{E),d{E),v) G Z>o x Z x Z>o. If 
r{E) > 0, the (5-slope of £ is defined by 

M.-(5)=M(i?) + ;j|y 
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Note that if u = 0, £ is a Higgs sheaf and fis{£) = IJ-{£) is the usual slope of £ for 
any value of 5 G M. 

Let (5 6 M. Then we define (5-(semi)stability for objects of Cx as follows. 

Definition 3.5. An object £ of Cx of type {r,e,v) G Z>o x Z x Z>o will be called 
5- (semi) stable if the following inequality holds for any proper nontrivial subobject 
C £' C £ in Cx of type (r', e', v') 

(3.1) r{e' + v'S) (<) r' {e + v5) 

By analogy with [511 Sect. 2], for any subobject C £' C £ set 

(3.2) Ps{£\ £) = re' - r'e + [rv' - r'v)5. 

Then condition (jS.ip is equivalent to Ps{£',£) (<) 0. Note that if r,r' > this 
condition becomes tJ.s{£') (<) fJ.s{£)- 

Remark 3.6. Note that the object O = (0, C, 0, 0, 0, 0) is stable according to defi- 
nition i3.5]) for any value of S gW. 

Lemma 3.7. Let £ be a S-semistable object of Cx of rank r G Z>i for some 
S G M>o- Then E is a locally free Ox -module. Moreover, if in addition v[£) > 0, 
the morphism ip : Ox Ox must be nontrivial. 

Proof. Suppose E is not locally free and let Tq{E) be the torsion submodule of 
E i.e. we have an exact sequence of Oj)s:-modules 

O^To(S) E^F 

with To{E) torsion and F torsion- free. Then it immediately follows that 

MTo{E) ®x M,) C To{E) (p{To{E) ®x M) = 

for i = 1,2. Therefore the data 

Ta{£) = (ro(S),0,$4^^(^j,0,0) 

is a subobject of £. Then (5-(semi)stability implies that d{To{E)) < 0. Since X is 
a smooth projective curve, this implies in turn To{E) = 0. 

Suppose £ = {E, V, $1,2, (j): V') is (5-semistable for some d G M>o, v = dim(F) > 0, 
and Ip = 0- Then note that £' = (£',$1^2) is a quotient of £ in Cx and fJ,s{£') < 
fis{£)- This contradicts the (5-semistability off. 

□ 

Lemma 3.8. Let £ be a 6-stable object of Cx for some 5 G M>o- Then any 
nontrivial endomorphism (^, /) : £ ^ £ in Cx must be an isomorphism. If in 
addition the ground field K is algebraically closed, the endomorphism ring of £ is 
isomorphic to K . 

Proof. Follows by standard arguments analogous for example to the proof of |201 
Lemma 2.3]. 

□ 

Given remark p.2|) , an immediate consequence of lemma p.Sp is 

Corollary 3.9. Suppose K is algebraically closed and let £ be a nontrivial 6-stable 
ADHM sheaf on X for some 5 G K>o- Then the automorphism group of £ is trivial. 
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Lemma 3.10. Let £ = {E,V, ^1.2, (t>,ip) be an object of Cx of rank r{£) > 1 and 
let £' = (E' ,V' 2,'/>','0') be a subobject of £. Let E' be the saturation of E' in 
E. Then the data 

(3-3) £' = (E' ,V' ,<^^\E7^^M,^^\W(g>xM^'P\v'<»Ox) 

with i = 1,2, is a subobject of £. 

Proof. If E' is saturated there is nothing to prove. Therefore we wih assume 
that E' C E' is a. non-saturated proper subsheaf. 

First we will prove that E' is $i-invariant for i = 1,2. Suppose this is not the 
case. Then the induced morphism 

$i -.Ty ®x M, E/Ef 

is nontrivial for some value of i = 0, 1. Note that E' ® Mi C Ker($j) since E' is 
$i-invariant and E' C E' . Therefore $i factors through a morphism 

: (W/E') ®x M, ^ E/W. 

Since E' is the saturation of E' the domain of $i is a torsion coherent sheaf on X 
while the target of $i is a torsion free Ojc-niodule. Therefore <&i = 0, and = 
as well. We have reached a contradiction. 
An identical argument proves that 

which concludes the proof of lemma p.lOp . 

_ □ 
The subobject £' constructed in lemma p.lOp will be called the saturation of £' 
in £. 

Lemma 3.11. Let 5 G K. Let £ be a locally free object of Cx of rank r{£) > 1 and 
v{£) = 1. Then £ is 6 -(semi) stable if and only if it is S- (semi) stable as an ADHM 
sheaf. 

Proof. It suffices to consider 6 > 0. The proof for 5 < is completely analogous. 
(^) Suppose f is a 5-semistable object of Cx with v{£) = 1. Then lemma p.7p 
implies that is a locally free Ox-module and ip ^ 0. Let C -E' C i? be a 
nontrivial proper saturated ^-invariant subsheaf. If Im(7/') C E' , the data £' ^ 
{E', K, ^i,2\E',<l>\E'^xM,i^) defines a subobject of £ with v{£') = 1. If E' (E)x M C 
Ker(0), the data £' = (i?', <i>i,2|_E') defines a subobject of £ with v{£') = 0. Then 
the stability condition (|3.ip implies the stability condition (|2.ip . 

Suppose £ is a (5-stable ADHM sheaf on X. Obviously, £ is an object of 
Cx with v{£) = 1 and 1/' 7^ 0. Let C C £ be a nontrivial proper subobject 
of £ in Cx- Note that either v{£') ~ 1, in which case lm{tp) C E', or v{£') = 0, 
in which case E' (g)x M C Ker(0). Let £' be the saturation of £ constructed in 
lemma ([XTU)) . Note that r(;B') = r{E') and fj.(E') > fi{E'). li^ ^ E we have 
r{E') = r{E) and condition p.ip is automatically satisfied. If i?' C is a proper 
(nontrivial) subsheaf, it is straightforward to check that condition (|2.ip applied to 
the saturated subsheaf C E' C E implies (|3.1|) . 

□ 

We also have the following obvious lemma. 
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Lemma 3.12. Let (5 G M and let £ be a locally free object of Cx or rank r{£) > 1 
and v{£) ~ 0. Then £ is 5-stable if and only if £ is (semi)stable as a Higgs sheaf. 

To conclude this subsection, note that since the category Cx is noetherian and 
artinian the standard properties of (5-(semi)stable objects hold. That is we have 

Proposition 3.13. (i) Harder- Narasimhan filtrations in Cx exist and satisfy the 
same properties as Harder- Narasimhan filtrations of coherent sheaves on smooth 
projective varieties. 

(ii) The subcategory of 6 -(semi) stable objets of Cx with fixed 6 -slope is noether- 
ian and artinian. The simple objects in this subcategory are precisely the S-stable 
objects. In particular Jordan-Holder filtration exist and satisfy the same properties 
as Jordan-Holder filtrations of semistable coherent sheaves on smooth projective 
varieties. 

Furthermore, the following result analogous to [51] Sect. 2] also holds 

Lemma 3.14. Let S £ ]R>o and suppose £ is an object of Cx which is not S- 
semistable. Then there exists a unique S -destabilizing proper subobject d J- C £ 
so that l3s{J^,£) > and 

(i) If Q <Z J-' <Z J- is a proper subobject of J- then l3s{J-',£) < Ps{ J't£)- 
{ii) If C J-' C £ is any other proper subobject of £ then /3s{J-',£) < /3s{J-',J-) 
and equality holds only if J- CI T' . 

Moreover, J- is maximal among all proper d -destabilizing subobjects of £ satisfying 
condition (i) above. 

By analogy with [51] Sect. 2] the subobject C J- C £ found in lemma p.l4p 
will be called the /3i--subobject of £. 

3.3. Extensions of ADHM quiver sheaves. Next we prove some basic homo- 
logical algebra results for ADHM quiver sheaves. The homological algebra of quiver 
sheaves without relations has been treated in detail in [28] . Our task is to generalize 
some of the results of [28] to ADHM quiver sheaves, which have quadratic relations. 
In this subsection we will take X to be a separated scheme of finite type over an 
infinite field K of characteristic zero, and will employ Cech resolutions rather than 
injective resolutions as in [28]. Let Mi, M2 be fixed invertible sheaves on X. 
The main result of this section is 

Proposition 3.15. Let £' = {E' , £'^,,^[ 2, cj}' ,^'), £" = (E" , E'^,'l>l2, <j)" ,^") be 
coherent locally free ADHM quiver sheaves on X . Consider the following complex 
C{£" ,£') of coherent locally free Ox-modules 
(3.4) 

-HomxiE" ®xMi,E') 

® 

nomx{E",E') Homx{E" (g)x M2,E') 

^ © ^ ® -^UomxiE" ®x M, E') 

Uomx {E'^.E'^) Homx {E" ®x M, E'^ ) 

® 

■Homx{E'^,E') 

where 

di{a,a^) = ( - a o + ^[ o (a ® ImJ, -a o + $^ o (a ® 1a/J, 
- aoo° (p" + 0' o (a (g) 1m), -a o tp" + V'' o aoo) 
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for any local sections {a,aoc) of the first term and 

rf2(/3l, /32, 7, S) ^(il O ($'2' ® ImJ -^'20 (/3l ® lAfJ - /32 O ($'/ ® lAfJ 

+ $i o (/32 ® 1mi) + ■(/'' o 7 + ^ o (j}" 

for any local sections /32, 7, ^) of the middle term. The degrees of the three 
terms in l\iA\ are 0, 1,2 respectively. 
Then there are group isomorphisms 

(3.5) Ext^^(f",f') - W^{X,C{£'\£')) 

for fc = 0,1, where Extg^. ) denote extension groups in the abelian category 

of ADHM quiver sheaves on X . 

Proof. Since X is a separated scheme of finite type over C, it admits affine open 
covers and we can employ Cech resolutions in the construction of the hypercoho- 
mology double complex associated to C {£",£'). Then the correspondence stated 
in lemma p.lSp follows by repeating the proof of [20l Prop. 4.5] based on Cech 
cochain computations in the present context. We will omit the details. 

□ 

Remark 3.16. Proposition iS.lS]) can be given an alternative proof employing 
methods analogous to |28j . Then one can prove that the isomorphisms p.SP hold 
for all values of k G Z. We will not present the details here because the cases 
fc = 0, 1 suffice for our purposes. 

Proposition p.l5|) implies 

Corollary 3.17. Suppose X is connected and proper over K. Let £' ,£" be locally 
free objects of Cx with v{£') + v{£") < 1. Then there are group isomorphisms 

(3.6) Ext^^ {£", £') ~ W^{X, C{£", £')) 

for k = 0,1, where Ext^^(f",f ) denote extension groups in the abelian category 
Cx- 

Proof. The case fc = follows from the fact that Cx is a full subcategory of 
Qx if X is connected and proper over K . For k — 1 note that there is a natural 
injective homomorphism 

Y.^tl^{£" ,£') ^^^t^Q^{£" ,£'). 

If v{£') + v{£") < 1, it follows that at least one of v{£'), v{£") vanishes. Then it 
is straightforward to check that the above homomorphism is also surjective. 

□ 

4. Chamber Structure 

The goal of this section is to study the behavior of the (5-stability condition on 
the parameter 5 G K>o keeping the data X = (X, Mi,A'/2), i?oo = Ca' as well as 
the type (r, e) G Z>i x Z fixed. The ground field will be an infinite field K of 
characteristic as in section ([2]). 
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4.1. Critical stability parameters. This section establishes the existence of a 
chamber structure of the positive real axis so that the set of (5-stable ADHM sheaves 
is constant in each chamber. 

First consider the case of ADHM sheaves of rank r — 1. 

Lemma 4.1. Let £ = {E, $i, $2, </>, ip) be a locally free ADHM sheaf of type (1, e), 
e £ Z, on X so that is nontrivial. Then £ is S-stable for any stability parameter 
S G M>o. In particular the moduli space dJls{X, 1, e) is independent of S G R>o- 

Proof. Since r — 1, E has no nontrivial proper saturated subsheaves C E' C E. 
Hence, since ip is nontrivial the ^-stability conditions are automatically satisfied for 
any S £ M>o- 

□ 

Remark 4.2. Given lemma j/^.jp , a rank one locally free ADHM sheaf on X with 
ip =^ will be called in the following stable, without any reference to a stability 
parameter. 

Next let r > 2. Let S G M>o be stability parameter. Suppose there exists a 6- 
semistable ADHM sheaf £ of type (r, e) on X which is not J-stable. Then definition 
(|2.ip implies that 5 must be of the form 

re' — er' er' — re' 
4.1 5 = ■ or 6= — 

for some 1 < r' < r — 1, e' e Z. 



Definition 4.3. A stability parameter 5 G K>o is called numerically critical of type 
(r, e) G Z>2 X I, if it is of the form (|4.ip . 

Let g) C M>o denote the set of numerically critical parameter of fixed type 
(r, e) G Z>2 X Z. Since all such parameters are rational numbers with denominators 
in the finite set {1, — 1} it follows that there exists an isomorphism A(j. ~ 
Z>o. For each n G Z>o let (5„ G ^(r,e) denote the corresponding numerically critical 
parameter. We will also set = in order to simplify the exposition. 

Lemma 4.4. Let (r, e) G Z>2 x Z 6e a fixed type. Then the following hold 

(i) For any n G Z>o and any S G an ADHM sheaf of type (r, e) is 

6-semistable if and only if it is 5 -stable, 
[ii) For any n G Z>o, the set of 6 -stable ADHM sheaves is constant for 6 G 

Proof. Statement (i) follows immediately from the definition of numerically 
critical stability parameters. 

In order to prove {ii) suppose there exist two values (5„ < 71 < 72 < 6n+i for 
some n G Z>o so that [ii) fails for 71,72- 

This implies at least one of the following statements 
(a) There exists a 71-stablc ADHM sheaf of type (r, e) which is not 72-stable. 
(6) There exists a 72-stable ADHM sheaf of type (r, e) which is not 71-stable. 

Suppose (a) holds and let £ be such an ADHM sheaf. Then there must exist a 
72-destabilizing ^-invariant proper saturated subsheaf C E' G E. Since 71 < 72 
it is straightforward to check that E must violate condition (ii) of definition (|2.ip : 
condition (Hi) cannot be violated by any subsheaf of E. Therefore, lm('0) C E and 

(4-2) KE') + ^^< l^iE) + ^, Mi?') + ^ > m + ^. 
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Let 

rr{E') 



S = {fi{E) - ^i(E'))- 



r{E') -r' 

Then inequalities (j4.2p imply that 71 < (S < 72 • By construction we also have 

r(E ) r 

which implies that £ is strictly (5-semistable. This leads to a contradiction since by 
assumption there cannot exist any numerically critical values in the interval (71, 72]. 
Case (6) is analogous except E' will be required to be a destabilizing subsheaf so 
that E' M C Ker(0) since 71 < 72- 

□ 

Definition 4.5. A locally free ADHM sheaf £ on X is asymptotically stable ifip *s 
not identically zero and there is no nontrivial ^-invariant proper saturated subsheaf 
OC E' C E so that Im(V') C E' . 

Lemma 4.6. The set of isomorphism classes of locally free coherent sheaves E of 
type (r, e) £ Z>2 x Z on X with the property that E is the underlying sheaf of an 
asymptotically stable ADHM sheaf £ is bounded. 

Proof. This result has been proven in [201 Prop. 2.7] for K = C The proof for 
an arbitrary infinite ground field K of characteristic is identical. 

□ 

Lemma 4.7. Let {r,e) G Z>2 x Z 6e fixed as above. Then there exists Soo G IR>o 
depending only on (r, e) so that the following statements hold for any S > 600 

(i) An ADHM sheaf £ of type (r, e) on X is 5-semistable if and only if it is 

asymptotically stable. 
(m) An ADHM sheaf £ of type (r, e) on X is 5-semistable if and only if it is 
5 -stable 

Proof. First we prove that there exists ci G M>o depending only on (r, e) so that 
any (5-semistable ADHM sheaf on X of type (r, e) with (5 > ci is asymptotically 
stable. Recall [20l Lemma 2.4] that given any ADHM sheaf £ = (i?, <i>i,2, 0, V') 
with V' 7^ there is a canonical nontrivial ^-invariant saturated subsheaf Eq C E 
so that Im(i/') C Eq. Moreover, by construction Eq is a subsheaf of any ^-invariant 
saturated subsheaf E' C E so that lm{ip) C E'. 

Since Eq is canonically constructed in terms of the data £, it follows that the 
set of the sheaves Eq associated to all J-semistable ADHM sheaves £ of type (r, e), 
with 5 G M>o, is bounded. Therefore the numerical invariants (r{EQ)., d{EQ)) can 
take only a finite set of values. This implies that there exists ci G K>o so that for 
all (5 > ci we have 

(4.3) fiiEo) + > ^is{£) 

whenever Eq is a proper subsheaf of E. 

Suppose there exists a ^-semistable ADHM sheaf £, 5 > ci, which is not asymp- 
totically stable. Therefore there exists a nontrivial ^-invariant proper saturated 
subsheaf C £" C i? so that lm{ip) C E' . As observed above, by construction Eq 
must be a subsheaf of any such subsheaf, hence in particular Eq will be a proper 
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subsheaf of E. This yields a contradiction since then inequahty (|4.3p impHes that 
£ is not (5-semistable. 

Next wc prove that there exists C2 G K>o so that any asymptoticahy stable 
ADHM sheaf £ is (5-stablc for all 6 > C2. According to lemma (j4.6p . the set of 
isomorphism classes of locally free sheaves E of type (r, e) so that E is the underlying 
sheaf of an asymptotically stable ADHM sheaf is bounded. This implies that there 
exists a positive constant C G M>o depending only on (r, e) so that /imax(£') < C 
for any such locally free sheaf E. It follows that there exists C2 £ M>o so that 
for any S > C2, condition (|2.2p of definition (|2.ip is automatically satisfied for 
any asymptotically stable ADHM sheaf £, and any ^-invariant nontrivial proper 
saturated subsheaf C E' (Z E so that E' (S)x M C Ker(</)). Since the stability 
condition (m) of definition (|2.ip is trivially satisfied for asymptotically stable ADHM 
sheaves, the claim follows. 

In order to conclude the proof of proposition (14.71) . take S^o = maxjci, C2}. 

□ 

Lemma 4.8. Lei (r, e) S Z>2 xIj he a fixed type. Then there exists 5m € A(r.e) U 
{0}, N >0, depending only on (r, e) so that for all S > Sn , any 5-semistable ADHM 
sheaf of type (r, e) is asymptotically stable. 

Proof. Follows directly from lemmas (|4.4p and (|4.7p . 

□ 

Definition 4.9. Suppose the integer N found in lemma {4--^ nonzero. Then 
the stability parameters 5i S K>0; i — 1, . . . ,iV will be called critical values of type 
(r, e). Moreover, a parameter 5 S M>o will be called noncritical of type (r,e) if 
5 ^ {5i,...,5n}- 

4.2. Wallcrossing beiiavior. This subsection analyzes the behavior of (5-stable 
ADHM sheaves as 5 specializes to a critical value. In order to simply the exposition 
we will formally set (5o = as above, and 6n+i = +00. 

Lemma 4.10. Let (r, e) e Z>2 x be a fixed type so that the integer N in propo- 
sition l^.^p is nonzero. Then the following hold 

(?) Let £ be a 5-stable ADHM sheaf on X of type {r,e), with 5 £ {5i, 5i+i) for 
some i = 1, . . . , N . Then £ is 5i-semistable and it has a Jordan-Holder filtration in 
the abelian category Cq of the form 
(4.4) 

= JHo{£) C JHi{£) c JH2i£) C ■■■ C JHj^i{£) c JHj{£) = £, j>l 

so that r{JHi{£)) > 1 for any 1 < I < j and r{JHi{£)) < r, v{JHi{£)) = for 
< Z < J — 1. In particular £ is either 5i-stable or there is a nontrivial extension 
in the abelian category Cx of the form 

(4.5) 0^£' ^£^£" ^0 

where £' is a semistable Higgs sheaf of rank r{£') > 1 and £" is a Si-stable ADHM 
sheaf of rank r{£") > 1 and /i^. {£') = {£") ~ MiJi i^)- 

(ii) Let £ be a 5-stable ADHM sheaf on X of type (r, e), with 5 G (^i-i, 5i) for 
some i ~ I, . . . , N . Then £ is 5i-semistable and it has a Jordan-Holder filtration in 
the abelian category Cx of the form (|4.4p where r{JHi(£)) > 1, v{J Hi[£)) = 1 for 
all I < I < j, and r{JHi{£)) < r for all < I < j — 1. In particular £ is 5i-stable 
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or there is a nontrivial extension in the abelian category Cx of the form 
(4.6) 0^£' ^£^8" ^0 

where £' is a Si-stable ADHM sheaf of rank r[£') > 1, £" is a semistable Higgs 
sheaf of rank r{£") > 1, and fiSi{£') ~ fiSii£") ~ fJ'Sii£)- 

(Hi) Let £ be a Si-stable ADHM sheaf on X of type (r, e) for some i = 1, . . . , N . 
Then £ is S-stable for any S g {Si-i, (5i+i). 

Proof. We will prove the first and third statements. The second statement is 
analogous to the first one. 

Lemma (|4.4p implies that £ is 7-stable for any 76 {Si, (Si+i). Then any $- 
invariant nontrivial proper saturated subsheaf lm('0) C E' C E must satisfy 

(4-7) M(i?') + 7(^7) < M(i?) + I 

for any 7 £ (5^,(5^+1 ). Similarly, any ^-invariant nontrivial proper saturated sub- 
sheaf C E' M C Ker(0) must satisfy 

7 
r 



(4.8) fi{E') < fi{E) 



for any 7 G {St,Si+i). 

In the first case, it follows that 

r[E') r 

since r{E') < r. 

In the second case, suppose there exists such a subsheaf E' so that 

S 

fi{E') > ,s{E) + ^ 
r 

Then Grothendieck's lemma [351 Lemma 1.7.9] implies that for fixed E the set 
of isomorphism classes of such subsheaves is bounded. Then it follows that there 
exists 7 G (Si, (5i+i) so that 

/i(i?') >M(i?) + -- 
r 

This would contradict 7-stability. Therefore £ must be (5i-scmistable, and it has 
a Jordan- Holder filtration of the form (|4.4|) according to proposition p.l3|) . It is 
straightforward to check that none of the objects JHi{£), 1 < I < j may have rank 
zero and none of the objects JHi{£), < I < j — 1 may have rank equal to r. If 
the length of the filtration is j = 1, it follows that £ is (5i-stable. 

Suppose j > 2. By the general properties of Jordan-Holder filtrations, all subob- 
jects JHi[£) C f , / = 1, . . . , j must have the same (5j-slope as £. Let us denote by 
El the underlying locally free Ox-module of the ADHM sheaf JHi{£), I = 1, . . . , j. 
Let vi = v{JH{£i)), / = 1, . . . , j. Then 

r(Ei) r 
for alH = 1, . . . ,j. However, since £ is (5-stablc, 

KE,) + ^ < KE) + 
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must also hold for alH = 1 , . . . , j — 1 . These inequalities imply 

vijS - St) 6 - 5i 
r{Ei) ^ r 

for alH = 1, . . . , j — 1. Since r{Ei) < r for I ^ j, it follows that vi = for all 
I = — 1. This implies that the last quotient JHj{£)/ JHj-i{£) is a (bi- 

stable ADHM sheaf on X. Then the exact sequence (|4.5p is obtained by setting 
£' = JHj-i{£), £" = JHj{£). The extension (|4.5p has to be nontrivial because £ 
is (5-stable, hence indecomposable. 

Next let us prove the third statement. Suppose £ is a J^-stable ADHM sheaf 
on X of type {r,e) and suppose there exists S £ ((5,;-i, (5,;+i) so that £ is not S- 
stable. This means that there exists subshcaf C E' C E which does not satisfy 
the conditions of definition (|2.ip . Since £ is Si-stah\c, only the following cases may 
occur 

(1) S < Si and E' is a ^-invariant nontrivial proper saturated subsheaf C 
E' (g>x M C Ker((^) so that 

fi{E') > fi{E) + - 
r 

(2) 5 > 5i and E' is a ^-invariant nontrivial proper saturated subshcaf Im(^/;) C 
E' C E so that 

r[E') r 

Since £ is Si-stahle, conditions (|2.2p . respectively (|2.ip yield an upper bound for 
n{E'). Therefore in both cases Grothendieck's lemma implies that the set of iso- 
morphism classes of (5-destabilizing subsheaves E' is bounded for fixed 5. 

Suppose case (1) holds. Then boundedness implies that it exists 7 S (5, 5i) so 
that 

(4.9) ^,{E') < ti{E) + ^ 

r 

for all (5-destabilizing subsheaves E' . Moreover, ii C E' C E is a. ^-invariant 
nontrivial proper subsheaf so that C £" <E)x M C Ker{(p) and 

^i{E') < ^i{E) + - 

r 

it follows that E' satisfies condition (14.91) since 5 < 7. Therefore condition (14. 9p is 
satisfied by all ^-invariant proper nontrivial saturated subsheaves C E' (E)x M C 
Ker(0). 

If E' is a <I>-invariant proper nontrivial saturated subsheaf of E so that lni{ijj) C 
E' C E, (5i-stability implies that 

Mi?') + ^</i(i?) + -. 
r(E') r 

Since j < Si and r{E') < r it follows that 

r(E') r 

Therefore wc conclude that £ is 7-stable. Since S, 7 belong to the same chamber 
we have reached a contradiction. 

Case (2) leads to a similar contradiction by an analogous argument. 

□ 
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Remark 4.11. Note that the morphism £ — > Z" in equation (|4.5p . respectively 
£' ^ £ in equation ()4.6p may he assumed to he a morphism of ADHM sheaves 
according to remark IIS.2\) . 

The following is an immediate consequence of lemma (j4.10p . 

Corollary 4.12. Under the assumptions of lemma ^JA^, let Si, i = 1, . . . , N he 

a critical stahility parameter of type (r, e) and let 6- G {Si-i, 5i), (5+ 6 ((5^, 
he noncritical stahility parameters. 

(i) Suppose £ is a S^-stable ADHM sheaf on X of type {r,e) which is not 6-- 
stahle. Then £ is strictly 6i-semistahle, and in particular it fits in a nontrivial 
extension of the form (|4.5p . Moreover, the one step filtration (Z £' (1 £ determined 
hy (j4.5p is a Harder- Narasimhan filtration for £ with respect with S- -stability. 

(i) Suppose £ is a S--stahle ADHM sheaf on X of type (r, e) which is not S^- 
stahle. Then £ is strictly Si-semistahle, and in particular it fits in a nontrivial 
extension of the form (|4.6|) . Moreover, the one step filtration G £' C £ determined 
hy (j4.6|) is a Harder- Narasimhan filtration for £ with respect with 5 stahility. 

For future reference, let us record the following partial converse to lemma (|4.10p . 

Lemma 4.13. Under the assumptions of lemma \4.1C^ let Si G M>o be a critical 
stahility parameter of type [r, e) G Z>2 x Z. Then the following hold. 

(i) There exists < 6+ < Si-\-i — Si, so that the following holds for any (5+ G 
{Si, Si + e+). A locally free ADHM sheaf £ of type {r,e) on X is Si-semistable if 
and only if it is either S+-stahle or there exists a unique filtration of the form 

(4.10) C f ' C f 

so that £' is a S^-stable ADHM sheaf of rank r{£') > 1, and £" = £ / £' is a 
semistable Higgs sheaf of rank r{£") > 1 satisfying 

(4.11) f,s,{£')>Kn f^sAn = Kn- 

In particular, if £ is not S+-stahle, any S^- destabilizing suhohject C T C £ must 
he a Si-semistable ADHM sheaf of rank r{£') > 1 satisfying conditions (|4.1ip . 

(ii) There exists < e_ < Si — Si-i so that the following holds for any (5_ G 
(Si — Si). A locally free ADHM sheaf £ of type (r, e) on X is Si-semistable if 
and only if it is either S- -stable or there exists a unique filtration of the form 

(4.12) C C £ 

so that £' a semistahle Higgs sheaf of rank r{£') > 1, and £" = £/£' is a S^-stable 
ADHM sheaf or rank r{£") > Isatisfying 

(4.13) ^^i£') > ^isA£") ^ f^sAn- 

In particular, if £ is not S^ -stable, any S^ -destabilizing subobject C J- C £ must 
he a semistable Higgs sheaf of rank r{£') > 1 satisfying conditions (|4.1ip . 

Proof. It suffices to prove statement (i) since the proof of (ii) is analogous. 

Let (5+ G {Si, <5i+i) be an arbitrary noncritical stability parameter of type (r, e). 
Suppose f is a ^^-semistable ADHM sheaf on X. Then £ is either 5+-stable or there 
is a Harder-Narasimhan filtration of £ with respect to (54.-stability 



(4.14) 



c £i c ■ ■ ■ c £h ^ £ 
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where h > 2. It is straightforward to check that Ei, 1 < I < h must have rank 
^ 1 and the successive quotients £i+i/Ei, < I < h — 1 must also have rank 
r{£i+i/£i) > 1- Then by the general properties of Harder-Narasimhan filtrations 

(4.15) Ai5+(^i) > fJ.5+{£2/£i) > ■ ■ ■ > i-i5^{£h/£h-i) 
and 

(4.16) ns+i^i) > f^s+{£) 

for all 1 < / < h—1. Since £ is (5i-semistable by assumption, inequalities (|4.16p imply 
that v{£i) — 1 ior all I = 1, . . . , h. Therefore all quotients £i+i/£i, < I < h — 1 
are semistable Higgs sheaves on X. Moreover, using the (5i-semistability condition 
and inequalities (|4.16p we have 

for alH = 1, . . . , /i. 

Now let 7 G {6i, Si+i) be a fixed stability parameter. Then we claim that the set 
of isomorphism classes of locally free ADHM sheaves £' on X satisfying condition 

(7k-) There exists a (5i-semistable ADHM sheaf £ of type (r, e) and a stability 
parameter (5+ G {6i, 7] so that £' ~ £1 for some I G {0, where 
C £1 C • • ■ C f/i = £, > 1, is the Harder-Narasimhan filtration of £ 
with respect to (S-|_-stability. 

is bounded. In order to prove this claim note that that under the current conditions, 

inequalities (|4.17p imply 

-J < ^i{E,) - f4E) < ^. 

r 

Moreover the set of isomorphism classes of iJ^-semistable ADHM sheaves of type 
(r, e) is bounded according to lemma (|2.4p . Therefore the above claim follows from 
Grothendieck's lemma. 

Then it follows that the set of numerical types {r',e') of locally free ADHM 
sheaves £' satisfying property (★) is finite. This implies that there exists < e+ < 
7 — (5i so that for any S+ G {Si, Si + e^), and any i5i-semistable ADHM sheaf £ of 
type (r, e) inequalities (|4.17p can be satisfied only if 

(4.18) ^i5A£i) = fis,{£) 
for alH = 1, . . . , h. Hence also 

n{£i/£i-i) = H6i{£) 

for all I = 2, . . . ,h. Then (|4.15p implies that we must have h = 2. Therefore for 
all S+ G {Si, Si + €+), any locally free (5i-semistable ADHM sheaf £ of type (r, e) is 
either (5+-stable or has a Harder-Narasimhan filtration with respect to (5+-stability 
of the form so that £' , £" = £/£' satisfy conditions (piT|) . 

Next note that the set of numerical types 

(4.19) SatA-,(r,e) = {(r',e') G Z>i X Z|r' < r, r{e' + S.,) ^ r' {e + S,)} 

is finite. Therefore < e+ < 7 — (5i above may be chosen so that there are no 
critical stability parameters of type {r',e') in the interval {Si, (5^ + e_|-) for any 
(r',e') G Sat<5;(r, e). This implies in particular that for all S+ G {Si, Si + e+), and 
any locally free Ji-semistable (5+-unstable ADHM sheaf £ of type (r, e), the first 
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step ill the Harder-Narasimhan filtration of £ must be (5+-stable rattier tlian 
(5+-semistable. 

Conversely, suppose £ \s & locally free ADHM sheaf of type (r, e) on X which has 
a filtration of the form (|4.10p with £' 5+-stable and satisfying conditions (|4.11l) . for 
some G ((5;, (5; +£-!-). By the above choice of e+, there are no critical stability 
parameters of type {r{E'),d{E')) in the interval {5i, Si + e+) since {r(E'), d{E')) e 
Sat^. (r, e). Then lemma (|4.10p implies that £ is (5i-semistable. This further implies 
that £ is i5i-semistable since it is an extension of semistable objects of equal (5i-slope. 

□ 

Next we consider the behavior of (S-semistable ADHM sheaves as 5 specializes to 
0. The following results hold by analogy with lemmas ()4.10|) and (|4.13p . Since the 
proofs are very similar, they will be omited. 

Lemma 4.14. Let X he a smooth projective curve over an infinite field K of 
characteristic zero. Let 5 € M \ {0} be a noncritical stability parameter of type 
(r, e) G Z>i X Z so that there are no critical stability parameters of type (r, e) in 
the interval (0, 5) if 5 > 0, respectively [5, 0) if S < 0. Then any 5-stable ADHM 
sheaf £ of type (r, e) on X is 0-semistable. 

Conversely, 

Lemma 4.15. Under the same conditions let (r, e) G Z>i x Z. Then there exist 
£+ > 0, e_ < so that the following hold. 

(i) For any stability parameter < (5+ < e+ an ADHM sheaf £ = (i?, $i, <I>2, 0, '0) 
of type (r, e) with ip nontrivial is 0-semistable if and only if it is either 5+-stahle or 
there exists a unique filtration G £' G £ where £' is a 6+ -stable ADHM sheaf of 
rankr{£') > 1 and £" ~ £/£' a semistable Higgs sheaf of rank r{£") > 1 satisfying. 

(4.20) {£') > K£"), M£') = = M£) 

Moreover an ADHM sheaf £ — {E, (f>i, <f>2, 0, 0) of type (r, e) is 0-semistable if and 
only if there exists a unique filtration <Z £' <Z £ where ~ O = (0, C, 0, 0, 0, 0) 
and £" ^ £ / £' is a semistable Higgs sheaf of type (r, e). 

(m) For any stability parameter < (5_ < an ADHM sheaf £ = (i?, <I>i, $27 0, "0) 
of type {r,e) with (j) nontrivial is 0-semistable if and only if it is either S- -stable 
or there exists a unique filtration d £' G £ where £' is a semistable Higgs sheaf 
of rank r{£') > 1 and £" = £ / £' a semistable ADHM sheaf of rank r{£") > 1 
satisfying. 

(4.21) fi{£') > f,s_ {£"), K£') = M£") = Mo(^) 

Moreover an ADHM sheaf £ ~ {E, $1, <I>2, 0, ip) of type (r, e) is 0-semistable if and 
only if there exists a unique filtration C £' C £ where £' is a semistable Higgs 
sheaf of type (r, e) and £" ^£/£' ~0 = (0, C, 0, 0, 0, 0). 

5. Moduli Stacks and Torus Actions 

The main goal of this section is to prove theorems (|1.2p and (|1.4p . Other moduli 
stacks needed in the second part of this paper will be constructed, as well. Natural 
torus actions on these stacks will be defined and some structure results for the fixed 
loci will be proven. In the following X is a smooth projective curve over C Mi, M2 
are fixed line bundles on X equipped with a fixed isomorphism Mi ®x M2 ~ 
as in section ^ and Eao^Ox- The triple (X,Mi,M2) will be denoted by X. 
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5.1. Moduli stacks of (5-semistable ADHM sheaves. Let S be the category 
of schemes of finite type over C. Let (r, e) G Z>i x Z be a fixed type and S G M>o 
be a fixed stability parameter. Standard arguments show that flat families of S- 
semistablc ADHM sheaves parameterized by complex schemes of finite type form 
a groupoid DJlg'^{X,r,e) over S. For completeness recall, [20l Def. 3.1], that a flat 
family of ADHM sheaves on X parameterized by a scheme S of finite type over 
C is an ADHM sheaf £s = {Es,^s,i.2,(l>s,'4^s) on Xs with twisting data {Mi)s, 
{M2)s and framing data i?s,oo = Cxs so that Es is flat over S. An isomorphism 
of flat families of ADHM sheaves parameterized by S is an isomorphism of ADHM 
sheaves on Xs- 

Proof of theorem U.2\) . Given corollary p.9p and lemma p.4p the proof of this 
theorem is entirely analogous to the proof of theorem [20l Thm 1.1]. Namely, re- 
peating the basic constructions for decorated sheaves [65l EH ESI [77l [78l EI] in 
the present framework, one obtains a quasi-projective parameter space R for S- 
semistable ADHM sheaves. Then the groupoid 97l|*(A', r, e) is shown to be isomor- 
phic to a quotient stack [R/G] for some affine algebraic group G. 

□ 

5.2. Other moduH stacks. For future reference we next construct several moduli 
stacks of objects of the abelian category Cx, where X is a smooth projective curve 
over C as in the previous subsection. 

Let (5 G R \ {0} be a stability parameter. Again, using standard arguments we 
construct the following groupoids over S 

• Db{X): the groupoid of flat families of locally free objects of Cx- An 
object of Db(A') over a C-scheme S of finite type is a flat family £s = 
{Es, Es,oo, ^s, 'Ps, V's) of locally free ADHM quiver sheaves of Xs, where 
Es. oo = T^s-^s for some locally free Os-module Fs and the restriction Sslx^ 
for any point s G is a locally free object of Cx^ The definition of isomor- 
phisms is standard. 

• Db{X)<i: the groupoid of all flat families of locally free objects of Cx with 
< V < 1. The construction is the same as above, except that v may 
take only values in {0,1}. Therefore the Os-modulc ^5 in the previous 
deflnition is either the zero module or an invertible sheaf on S. 

• Db{X)i,, Db{X, r, e, v): the groupoid of flat families of locally free objects 
of Cjf with flxed v G Z>o, respectively the groupoid of flat families of locally 
free objects of Cx with fixed type (r, e,w) G Z>i x Z x Z>o. 

• Dbg'^{X,r,e,v): the groupoid of flat families of i5-semistable objects of Cx 
of flxed type (r, e, w) G Z>i x Z x {0, 1}, with 5 G M. 

• <S.f{X): the groupoid of three term exact sequences of locally free objects 
of Cx constructed by analogy with [351 Def. 7.2]. Note that there are 
canonical forgetful morphisms p,p',p" : Ex(A') Db{X). 

• <B^{X, a, a' , a"): the groupoid of three term exact sequences of locally free 
objects of Cx with flxed types a = (r, e, v), a' = (?-', e', v') a" = (r", e", v") 
in Z>i X Z X Z>o, a ~ a' + a". 

Remark 5.1. Note that the stack Db{X)Q is canonically isomorphic to the stack 
Sjiggs{X) of all locally free Higgs sheaves on X as defined in IIA.I]) . The stack 
Dbg'' {X ,r, e,0) is canonically isomorphic to the moduli stack ^^Iqqs'''' {X ,r, e) of 
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semistable Higgs sheaves of type (r, e) on X for any value of d R\ {0}. Both 
notations will be used interchangeably from now on. 

In order to formulate the next result, note that for any (5 £ R and any (r, e) e 
Z>i X Z there is a torus action x r, e) — ?► dJlg''{X, r, e) defined as follows. 

For any flat family of (5-scmistablc ADHM sheaves of type (r, e) on X parameterized 
by a scheme S of finite type over C, and any z : S* — >■ C we set 

(5.1) f| = (i;5,$S.l,2,2</'S,^-Vs)- 

Then the following holds. 

Lemma 5.2. (i) For any S £R and any (r, e, v) G Z>i x Z x {0, 1}, Dbg'^{X, r, e, v) 
is an Artin stack of finite type over C. 

{ii) The groupoids Db{X), Db{X)<i, Db{X)y, Db{X, r, e, v), r,e,v e Z>i x Z x 
Z>o are Artin stacks of locally finite type over C and there are open and closed 
immersion of Artin stacks 

(5.2) Ob{X, r, e, v) ^ Db{X)„ Db{X)<i ^ Db{X) 

for any r, e, v G Z>i x Z x Z>o. 

(Hi) For any stability parameter S £ R. and any (r, e) G Z>i x Z there are open 
immersions of Artin stacks 

Dbf (A-, r, e, 1) ^ Db{X)i ^ Db{X)<i 

^^■^^ Ob^X, r, e, 0) ^ Db{X)o ^ Db{X)<i. 

(iv) Suppose (5 G R is a noncritical stability parameter of type (r, e) G Z>i x Z. 
Then there is an isomorphism of Artin stacks 

(5.4) DbriX,r,e,l) :^ [mriX,r,e)/C^] 

where the right hand side of equation (|5.4p is the quotient stack of the algebraic 
space 3Jl^^(A', r, e) by the torus action (|5.ip . In particular, the automorphism of 
group of any S-semistable £ of Cx of type (r, e, 1) is isomorphic to . 

[v) The groupoids ^^{X) , ^f.{X ^a^a' ,a"), a^a'^a" G Z>ixZxZ>o are algebraic 
stacks of locally finite type over C and the canonical forgetful morphisms p,p',p" : 
^l{X) — > Ob{X) are of finite type over C. 

Proof. The proof of lemma (|5.2l z) follows from the boundedness lemma (|2.4p . 
again in complete analogy with [20l Thm 1.1]. 

Given the construction of the parameter spaces for Higgs sheaves [65l [8TJ [76] and 
for ADHM sheaves pOj, statements ^^ii) and (|5.2I -;;) follow by analogy with [52j 
Thm 4.6.2.1], [Ml Thm 9.4], [38l Thm. 9.6]. 

The fact that the natural morphisms (|5.3p are open immersions follows from the 
fact that Higgs sheaf semistability as well as 5-semistability are open conditions in 
fiat families. 

Lemma (|5.2l w) follows from lemmas p.ll|) and (|3.8p taking into account remark 
(1321). 

□ 

5.3. Torus actions and fixed foci. Next we define natural torus actions on the 
above moduli stacks. We will employ the definition of group actions on stacks 
given in [111 Def.1.3, Def.2.1]. Let T = C x Then there is a torus ac- 

tion X Db{X) 'Db{X) defined as follows. Given any fiat family £s ~ 
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(Es, (tt^Fs)®", $s^i, $s,2, (f>s, V's) parameterized by a scheme 5* of finite type over 
C, and <i,<2 : S ^T, set 

where 

(5.5) 4*^^*^^ = {Es, (TT^is)®", h^SS, t2$S,2, ht2Cbs, ^s)- 

Moreover, if ^ : Sg^^S'g is an isomorphism of flat famihes over S, the isomorphism 
^(ti,*2) . j;ij,£;'^*i>*2) jg given by the same isomorphism ^ : Eg — of 

coherent Oxs -modules, since T acts linearly on the data {^s,i.2, (f>Si'4's) leaving 
the underlying coherent sheaf Es unchanged. 

Let S ~ C T be the antidiagonal subtorus defined by the embedding t 
{t~^,t). Then the action (j5.5p induces an S-action on Db{X)<i. In this case we 

will use the notation £g = £g ^* = 

Obviously, there are analogous actions on any substack of the form Ob{X)<i, 
Db{X)y, Ob{X,r,e,v) Obg^X ,r, e,v), with (r,e,w) S Z>i x Z x Z>o so that the 
open immersions (j5.2p . (j5.3p are equivariant. Moreover, there are analogous torus 
actions T x mf{X,r,e) mf{X,r,e), S x ajtf (A',r,e) ^ 9Jlf (A',r,e) obtained 
by setting v = I and Fs = Os in (|5.5p . 

Finally note that since the T and S actions defined above are linear on the 
ADHM data, it is straightforward to check that they can be canonically lifted 
to torus actions on the stack so that the forgetful morphisms p,p',p" are 

equivariant. A flat family 

-> S's^Ss^S's ^ 
of three term exact sequences is mapped hy {ti,t2) '■ S T to 

Q ^ £./(*!, t2) 2£ ^ g{tlM) !£. ^ t2) ^ Q 

where ^s^'*^^ have the same underling morphisms of Oxs -modules as ^g, ijs- 

Obviously, this torus action preserves the substacks of fixed type (a, a', a"). 

Let 3Jl denote one of the stacks in lemma ((S^Ii) - (|5.2l zf ). Let be the stack 
theoretic fixed locus as defined in [TH Prop 2.5]. Recafi that a morphism S 9Jt^, 
where 5' is a scheme of finite type over C, is determined by the data {£s, ^s{t) \ t : 
5^8} where £s is a flat family of locally free objects of Cx parameterized by S 
and for any morphism t : S ^ S 

(5.6) Ut) ■■ Ss^S's 

is an isomorphism of fiat families over S satisfying the identity 

(5.7) Ut't) = UtY' oUt') 

for all t, i' : S* — > S (see [741 Prop 2.5]). In the following a fiat family satisfying this 
property will be called S-fixcd up to isomorphism. 

Lemma 5.3. Let £s ~ (-E5, ttJ-Fs', $5^1.2, 0s, "(As) be a S -fixed flat family of locally 
free objects of Cx parameterized by a connected scheme S of finite type over C. 
Then there are direct sum decompositions 

(5.8) Es ~ (BneiEsH, Fs = (BnejFs{n) 
with I, J d Z finite subsets, satisfying the following conditions 
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• If Es, respectively Fs, are not the zero sheaf, no direct summand in ()5.8|) 
is the zero sheaf. 

• All components <^s.,i{n,rn) : Es{n) ®Xs {^i)s Es{m), n,m G I, with 
respect to the direct sum decomposition (|5.8p are identically zero if m ^ 
n+ (-1)'"^ fori^ 1,2. 

• All components (psin, m) : Es{n) ®Xs ~^ ''''s^s('tt-); n G I , m £ J , with 
respect to the direct sum decomposition (|5.8p are identically zero ifm^n. 

• All components '(/'^(ti, m) : TTgFs{n) — > Es{m), n G I , m G J , with respect 
to the direct sum decomposition (jS.Sp are identically zero if m ^ n. 

Proof. Note that Cs(0* i'^ equation (|5.7p is identical to S,s{t) as an isomor- 
phism of -modules, as observed below ()5.5p . This implies that the underlying 
coherent OjCs -module Es of a flat family £s fixed by S up to isomorphism has a 
S-linearization. Then lemma (|5.3p follows from a standard analysis of the fixed 
locus conditions analogous to [101 Prop. 3.15]. Details will be omitted. 

□ 

5.4. Virtual smoothness for noncritical 5. In this subsection we prove theorem 
(|1.4p . By analogy with the proof of theorem [501 Thm. 1.5] we first need a vanishing 
result in the deformation theory of (5-stable ADHM sheaves. According to [20l Prop 

4.5, 4.9] the deformation complex C{£) of a locally free ADHM sheaf on X is the 
following complex of Ox-niodules 

(5.9) 

nomx{E ®x Mi,E) 

® 

HomxiE (g}x M2,E) 
^ Homx (E, E) © -^Homx [E ®x M,E)^0 

Homx{E ®x M, Ox) 

© 

Homx (Ox, E) 

where 

di{a) = *( - a o $1 + $1 o (a (g) 1^/J, -a 0^2 + ^2° {a® '^Ah), 
(j)o [a® Im), -oi o tjj) 
for any local section a of TiomxiE, E), and 

d2(/3l,;32,7,^) = A ° (*2 ® 1Mi) - «'2 O Wl 8) IM2) 

- /32 o (® ImJ + *i o (;S2 ® 1a/i) 

+ 'll'OJ-\-So(j) 

for any local sections {Pi, /32,j,S) of the middle term of (j5.9p . The degrees of the 
terms of (|5.9p are 0, 1, 2 respectively. 

Then the main technical element in the proof of virtual smoothness is the fol- 
lowing vanishing result for the hypercohomology groups of the complex (|5.9p . 

Lemma 5.4. Let £ be a 5-stable ADHM sheaf on X. Then m\X,C{£)) = 0, for 
all i > 3 and for all i < 0. 

Proof. The proof is similar to the proof of lemma [20l Lemma 4.10]. We will 
present the detailed computation for i > 3. The proof for i < is entirely analogous. 
Since the degrees of the three terms in (|5.9p arc 0,1,2 respectively, it follows that 
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all terms -Ef'', p + g > 4 in the standard hypercoliomology spectral sequence are 
trivially zero. Therefore W'{X,C{£)) = for i > 4. Moreover, the only nonzero 
term on the diagonal p + q = 3 is 

eI'^ ^ H\X,nomx{E (g)xM,E)). 

The differential 

4-' : El^' ^ El-' 

is the map 

H\X,Homx{E ®x Mi,E)) 

© 

H\X,-Homx{E®xM2,E)) 

® ^ H'{X,nomx{E®xM,E)) 

H\X, nomx{E ®x M, Ox)) 

® 

H^{X,UomxiOx,E)) 
induced by d2- 

We claim that this map is surjective if £ is ^-stable. In order to prove this claim 
we will prove that the dual map {d\'')'^ : (E^'^)'^ — >• (£'|'^)^ is injective if £ is 
(5-stable. Using Serre duality and the condition M ~ K^', the dual differential is 
(up to isomorphism) a linear map of the form 

}lomx{E,E(x)x M-')) 

© 

1.1 V }iomxiE,E(E)x M^')) 

Romx {E,E) — ^ © 

Homx(Ox,-B) 

® 

Romx {E,M-^)) 

which maps a global homomorphism a G lioTax{E, E) to 

-(a o $2) «) 1m-i + (^2 8) 1m-0 ° " 
(a o $1) ® 1 ^^-'1 - ($1 ® 1 jv,^-"i ) o a 

{4> (8) 1m-i) ° a 

Suppose a G Ker((c?}'^)^), is nonzero. It follows that Kcr(Q;) is ^-invariant and 
lT[i{ip) C Ker(a). Since a is a morphism of locally free sheaves, Ker(a) must be a 
saturated subsheaf of E. Moreover, Im(a) is ^-invariant and lm{a)®xM C Ker{cf>). 
Then the stability conditions in definition (j2.ip immediately lead to a contradiction. 

□ 

Let T C X and S C T act on 9}tf (A',r,e) as in These are the 

torus actions employed in theorem (|1.4p whose proof will be presented below. 

Proof of theorem If 5 G R>Oj is a noncritical stability parameter of type 

(r, e) G Z>i xZ, any (5-semistable ADHM sheaf of type (r, e) on X is i5-stable. Then, 
given lemma (|5.4p . the existence of a T-equivariant perfect tangent-obstruction 
theory follows by repeating the steps in [20l Sect 5.] in the present setting. Details 
will be omitted. Obviously, the resulting perfect tangent-obstruction theory is also 
S-equivariant. 
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In order to prove the second part of theorem (|1.4|) . note that there is a universal 
ADHM locally free ADHM sheaf on r,e) x X since aU stable objects have 

trivial automorphisms. Let p : DJlfiX^r, e)xX ^ M^/iX^r, e), ttjc : D}lf{X,r, e) x 
X X he the canonical projections. Let C(€) be the locally free complex (|5.9p 
associated to €. Then Grothendieck duality [64] for the projection morphism p 
yields an isomorphism 

(Rp,(C(£)))^ ~ Rp,RHom(C(€),^iXx[l]). 

This isomorphism is compatible with the induced T as well as S actions. 

Taking into account the isomorphism M ~ K^^ and the fact that C(2;) is locally 
free, a straightforward computation shows that 

Tl'Hom{C{€),Tr*xKx[l]) ^ C{€)[1] 

as S-equivariant complexes. Therefore we obtain an isomorphism of S-equivariant 
complexes 

(Rp,(C(£)))^^Rp.(C(£))[l]. 

This yields the required S-equivariant nondegenerate pairing on the perfect tangent- 
obstruction theory of D)ls{X, r,e) [11 [5]. 

□ 

Note that a direct consequence of lemma (|4.4p is 

Corollary 5.5. Under the assumptions of lemma for any n €E Z>o and any 

7ii72 G (6mSn+i), there is a canonical isomorphism of algebraic moduli spaces 

97i;^(A',r,e)~97i;^(^,r,e) 

equipped with T-equivariant as well as S-equivariant symmetric perfect tangent- 
obstruction theories. 

6. Properness of Torus Fixed Loci 

The main goal of this section is to prove theorem (|1.5|) working under the same 
conditions as in section ([5]). The proof will rely on several preliminary results. 

6.1. S-fixed semistable Higgs sheaves. Let K be a field over C and let Ek 
be a semistable Higgs sheaf of type (r, e) on Xk = X x Spec(iir) fixed by S 
up to isomorphism. In particular, £k determines a morphism : Spec(i^) 
S)\QQ5'^'^ [X ,r,e) to the moduli stack of semistable Higgs sheaves of type (r, e) on 
X. Recall - theorem (|A.3[) - that there is a surjective universally closed morphism 
(p : :^iggs'''^ {X ,r, e) — >■ Higgs'"'{X ,r,e) which satisfies the properties listed in [1] 
Thm. 4.14]. There is also a proper Hitchin morphism h : Higgs'^'^ {X ,r, e) H 
where H = ®l^oH^{X, SymP(Mf ^ © M:^^)). Then we claim 

Lemma 6.1. /i o 93 o ea' = 0. 

Proof. Let £k = {Ek, $a,i, ^k,2)- Given the construction of the Hitchin map, 
the morphism ho ip o ck is determined by the data 

(6.1) M'^K,i^22))^ rii,n2<0, ni+n2<r 

where we have used the conventions in remark ([^31ii). 

In order to prove lemma (|6.1|) it suffices to show that the data (|6.1|) vanishes for 
any semistable £k fixed by S. Any such Higgs sheaf must satisfy conditions (i) and 
(m) of lemma (|5.3p where S = Spec(i4r). 
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Note that tr($^^ -^$^^^2) is a homogeneous element of for the action of Sk 
with weight rii — n2. Therefore if {Ek, is fixed by the S^-aetion, we 

must have 

(6.2) tr(ci>-^$'^2) = 

for aU ni,n2 > 0, < ni + ^2 < r, ni 7^ 71,2. In order to prove the claim we have 
to show that the vanishing result (|6.2p holds for ni = n2 as well. 

Note that only finitely many terms in character decomposition of Ek are non- 
trivial. Hence 

(6.3) Ek= EK{n) 

SI <n<S2 

for some si, S2 S ^, si < S2. If si ~ S2, ^k,i, ^k,2 are trivial according to lemma 
(|5.3p and there is nothing to prove. Therefore we will assume si < S2- Then lemma 
(|5.3p implies that only components of the form 

<^>K,iH ■■ Exin) ^ EK{n + 1) $K,2(n - 1) : Exin) ^ Exin - 1) 

are allowed to be nontrivial. This implies that the monomials , > 1 

have the following block form with respect to the decomposition (|6.3p 

i^K,l^K,2r = diag (0, ($K,l(si)$K,2(si))" , . . . , ($K,1(S2 - 1)$/C2(S2 - 1))") . 

Using the structure results proven in lemma (|5.3p . condition (|A.1|) in definition 
(|A.1| is equivalent to the following relations 

(6.4) ^"/cl(")*/^,2(?^) = 4'x,2(n + 1)$A' i(n + 1) 
for all si < n < S2 ~ 1. In particular, 

(6.5) $Ka(s2-l)$if,2(s2-l)=0, 3'if,2(si)$K,l(si) =0. 

If S2 = Si + 1, the required vanishing result follows immediately from relations 
()6.5|) . Hence we will assume si < S2 — 2 in the following. Then we will prove by an 
inductive argument that 

(6.6) tr($;f4(s2 - fc)$K.2(.S2 - fc))" = 

for all 1 < fc < (s2 — si) and all n > 1. The case fc = 1 follows immediately from 
relations (|6.5p . Then note that for any 2 < k < (s2 — si) and any n > 1 we have 

tr($ifa(s2 - k)<^KAs2 - fc))" = tr($K,2(s2 - fc + 1)$k,i(s2 - fc + 1))" 

= tr($Ka(s2 - fc + 1)$/^,2(S2 - fc + 1))" 

using invariance of the trace under cyclic permutations of the arguments. This 
proves the inductive step, hence the required vanishing result follows. 

□ 

Next we prove a result concerning extensions of fiat families of semistable Higgs 
sheaves. Let i? be a discrete valuation ring over C with fraction field K. Let p G 
Spec(i?) denote the closed point. Let £k be a semistable Higgs sheaf of type (r, e) £ 
Z>i X Z on Xk and let ex ■ Spec(/'ir) — ^iQg5'^^{X,r,e) be the corresponding 
morphism to the algebraic stack of semistable Higgs bundles of type (r, e) on X. 

Lemma 6.2. Suppose the morphism 

(6.7) /io(^oe;^ : Spec(A") ->H 

is trivial. Then there exists a flat family Sn of semistable Higgs sheaves of type 
(r, e) on X parameterized by Spec(i?) so that £r\xk — ^k- 
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Proof. Let 

= JHo{£k) C JHi{£k) C • • • C JHj{£k) = £k 

be the Jordan-Holder filtration of £k in the abelian category Cxk ■ Let QK,i = 
JHi{£K)/ JHi^i{£K), i = denote the successive quotients of the above 

filtration; QK,i are stable Higgs sheaves on Xk of slope equal to the slope of £k for 
all z = 1 , . . . , j . 

Let (r^, ei) G Z>i x Z denote the type of Gkai i = ^, ■ ■ ■ , j ■ Note that each suc- 
cessive quotient Gka determines a morphism e^.i '■ Spec(/'C) — > f)XQQS'''^{X,ri,ei) 
for all i = l,...,r. Let hi : Higgs''^{X,ri,ei) — >■ denote the Hitchin maps 
and ipi : ^iggs''^(<Y, r^, e^) — Higgs'^^ {X ,ri, Ci) denote the morphisms provided 
by [U Thm 4.14] for each i = Note that under the assumptions of 

lemma (j6.2p . hi o ip^ o e^^i = by the construction of the Hitchin map. There- 
fore ipi o eK,i '■ Spec(i^) — > Higgs'^^ [X ,ri,ei) factors through a morphism rjx.i ■ 
Spec(i^) — > Higgsff{X ^Ti^ei) where HiggsQ'^{X,ri,ei) = h~^{0) is the central 
fiber of the Hitchin map, for all z = 1, . . . , j. Since Higgsff{X,ri,ei), i = 1, . . . ,j, 
arc projective schemes, it follows that the morphisms rjK^i admit extensions rjn^i : 
Spec(i?) — > HiggsQ^{X , Vi, Ci) for all i = 1, . . . , j. Since the morphisms ipi are sur- 
jective, it follows that there exist flat families Qn^i, z = 1, . . . , j, of semistable Higgs 
sheaves on X parameterized by Spec(i?) so that GR^i\xK are S-equivalent to QK,i 
for all i = However since Qka are stable Higgs sheaves, it follows that 

GR,i\xK must be also stable and isomorphic to QK,i for alH = 1, . . . , j. Therefore 
we have established so far that the successive quotients GK,i, i ~ 1, . . . , j extend to 
Xr up to isomorphism. 

The proof of lemma (j6.2[) will be concluded by an inductive argument. Suppose 
there exists a flat family £R^i of semistable Higgs sheaves on X parameterized by 
Spec(i?) so that £ra\xk — JHi{£K) for some value of z = 1, . . . , j — 1. In particular 
this holds for z = 1 according to the previous paragraph. Then we claim that 
there exists a flat family of semistable Higgs sheaves on X parameterized by 

Spec(i?) so that £b,^i+i\xk - JHi+i{£K)- 

Note that since £R,i\xK — JHi[£K) there is an exact sequence of Higgs sheaves 
on Xk 

— > £RA\xK^^JHi+'i-{^K)-^^QR,i+l\xK ^ 

which determines an extension class tK S '&-{XK,C{QR^i+i\xKT^R,i\xK)) of objects 
in Cxk according to proposition p.lSp . Set Xr = Xx Spec(i?). Let C[QR^i+i,£R^i) 
be the complex p.4p of coherent locally free Ojc^-modules corresponding to the pair 

{QR,i+li£R,i)- 

By construction we have a canonical isomorphism 

C{Gr,i+1t£ra)\xk — C{QR,i+i\xK^^RAxK) 

of complexes of Ojfjf -modules. Since Xk C Xr is a Zariski open subset, this 
isomorphism yields a well defined restriction map 

r : Hi [Xr, C{gR.,+i, £r,^)) ^ {Xk , C{gR,^+l\x^ , £rAx„)) 

which is a morphism of i?-modulcs. This follows easily for example from the con- 
struction of hypcrcohomology complexes in terms of Cech resolutions. 

Let i G i? be a uniformizing parameter. Since i? is a discrete valuation ring, 
there exists n & Z and an extension class zr S M^{XR,C{QR^i+i, JHi{£R))), so 
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that 

r(efl) = rzK- 

According to proposition p.lSp and corollary (j3.17p , cr determines an extension of 
locally free Higgs sheaves on Xn of the form 

^ > > GR,i+i 9- 

up to isomorphism of extensions. By construction, any such extension is isomorphic 
to JHi+i{£K) when restricted to Xk, £R,i+i\xK — JHi+i{£K)- Moreover, since 
Sra, Gr.i+i are flat families of semistable Higgs sheaves on X of slope equal to r/e 
it follows that Sr^i is also a flat family of semistable Higgs sheaves on X of the 
same slope. This concludes the inductive argument. 

□ 

6.2. Asymptotic Fixed Loci and Framed Hitchin Pairs. Next we prove that a 
similar result holds for asymptotically stable ADHM sheaves of type (r, e) S Z>i xZ 
on X. 

Lemma 6.3. Suppose S > Sjy is an asymptotic stability parameter. Then the 
S-fixed locus dJlg^{X,r,e)^ is isomorphic to a projective scheme over C. 

Proof. According to [501 Lemma 2.5] any asymptotically stable ADHM sheaf on 
X with = Ox has (j) = 0. Then note that if f = {E, $i, $2, ■0) is a locally free 
ADHM sheaf with = 0, it follows that the dual ADHM sheaf £ constructed in 
equation (|2.4p determines a framed Hitchin pair as definition (|A.5|) . Moreover, it 
is straightforward to check that £ is an asymptotically stable ADHM sheaf if and 
only if £ is an asymptotically stable framed Hitchin pair. 

Since this correspondence is also holds for flat families of asymptotically sta- 
ble objects, it follows that we have an isomorphism of algebraic moduli spaces 
^Xftg'^{X, r, e) ~ FH^'^{X, r, e). Moreover there is a natural S-action on FH^^{X , r, e) 
so that this is an cquivariant isomorphism. Therefore the S-fixed loci will also be 
isomorphic. 

Now one can prove that the fixed locus FHg''{X,r,e)^ is a proper scheme 
over C repeating the proof of lemmas (|6.ip . (|6.2p since theorem (jA.Sp provides 
a proper Hitchin morphism for asymptotically stable framed Higgs pairs. Since 
FHg'^{X, r, e)^ is also a closed subschcme of FHg^{X, r, e), which is quasi-projective, 
it follows that FHg^{X, r, e)^ is a projective scheme over C. 

□ 

6.3. S-fixed loci and Harder-Narasimhan flltrations. Another technical lemma 
required in the proof of theorem (|1.5[) is the following. Let (r, e) S Z>2 x Z be a 
fixed type so that the set of critical stability parameters of type (r, e) is nonempty. 
Let Si € IR>Oi i = 1, . . . , N be a critical stability parameter of type (r, e) and let 
(5_ G (Si-i, Si), S+ € {Si, (Si+i). Again we formally set Sq = and Sn+i = +00 
in order to simplify the notation. Let be a field over C and let £k be a locally 
free ADHM sheaf of type (r, e) on Xk ~ X x Spec(iir). Consider the following 
situations 

(a) £k is (5-|--stable and (5_-unstable, or 
(6) £k is (5---stable and (5+-unstable. 
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Recall that according to corollary (|4.12p . if case (a) above holds, £k has a one-step 
Harder-Narasimhan filtration C £'j^ C 8k with respect to (5- -stability so that £^ 
is a semistable Higgs sheaf on Xk and = Sk/^'k ^ (5i-stable ADHM sheaf 
on Xk- Similarly, if case (6) above holds, £k has a one-step Harder-Narasimhan 
filtration C £'j^ C Ek with respect to (5_-stability so that £'j^ is a (J^-stable 
ADHM sheaf on Xk and S'^ = Sk/S'k ^ semistable Higgs sheaf on Xk- Let 
(r', e') G Z>i X Z, (r", e") € Z>i x Z denote the type of 5^ respectively. Then 
we have the following 

Lemma 6.4. Suppose Ek satisfies either condition (a) or condition {b) above and is 
fixed by S up to isomorphism. Then E'^, E'^ are also fixed by S up to isomorphism. 

Proof. It suffices to consider only one case since the proof of other one is iden- 
tical. Let Ek be an ADHM sheaf on Xk satisfying condition (a). Then for each 
morphism f : A' — > S there is an isomorphism S,K{t) '- Ek E\^ as in equation 
(|5.6p . Moreover it straightforward to check that the torus action (|5.5p preserves 
the Harder-Narasimhan filtrations i.e. 

{^'kY - i^K)'- 

Since Harder-Narasimhan filtrations are unique, they must also be preserved by 
isomorphisms, hence lemma (|6.4p follows. 

□ 

6.4. Elementary Modifications of Families of ADHM Sheaves. Let X be 

a smooth projective curve over C and Afi,Af2 fixed line bundles on X as in the 
previous section. Let i? be a discrete valuation ring over C with fraction field K. 
Let m C i? be the maximal ideal of R and t £ m & uniformizing parameter. Let 
Xfi ~ Xx Spec(i?) and let ttx ■ Xr — > A. tt/? : Xft —5- Spec(i?) denote the canonical 
projections. Let p G Spec(i?) denote the closed point and Ap = A x {p}. Note that 
the residual field of p is fc ~ C and Ap ~ A. Let [Mi)r = tt^A/i, (Afaji?^ = Tr^Afa- 
For all n G Z>o set A,i = A x Spec(i?/m"). Note that A„ is a closed subscheme 
of Xn and let t„ : Xm ^ A^ denote the closed embedding. Obviously, A,i is a 
Cartier divisor on A^ defined by the function G Txr{Oxe)- 

Let Eb, = {ER,^R^i,^R^2,(l)R,fpR) be a locally free ADHM quiver sheaf on Xr 
with twisting data ((Afi)_R, (Af2)i?) and framing data (£^_r)oo = Ox^- For any 
n G Z>i, let En = Er <S)Xr Ox„ denote the ADHM quiver sheaf obtained by 
restricting the data of Er to A„. Suppose for some n G Z>i there is an exact 
sequence in the abelian category Cx„ of the form 

(6.8) ^ 4 ^ En ^ 
where 

(6.9) E:, = (K, <f>:,,2, ^ = - 'J'",!' 'J'n,2, o 

are locally free ADHM quiver sheaves on A'„. In particular, G {0, 1}, -I- 

Vn = 1, and the morphisms 

are given by multiplication by complex numbers. Note that by pushing forward the 
data of E'n via the closed embedding t„ : A„ ^ Xr we obtain a torsion ADHM 
quiver sheaf in*En on ATj^ and (|6.8p yields a surjective morphism — >■ Ln*En — > in 
the abehan category Qxr- Let J^r be the kernel of the projection Er — >■ in* £^4' ^ 0- 
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Lemma 6.5. (i) J-r is a locally free ADHM quiver sheaf on Xr with twisting data 
((Mi)_R, {M2)r) and framing data (Fr)oo = Oxr- 

(ii) The restriction i^^-^R fi^^'' ^'^ exact sequence in the abelian category Cx„ 
of the form 

(6.10) ^ f;' ^ < j'fl ^ ^ 0. 

(Hi) There is an isomorphism of ADHM sheaves on Xk £,k ■ J^r\xk — ^£b.\xk- 

Proof. Let Tr = {Fr, {Fr)oci, PRjIJr) be the ADHM data of Tr. By construc- 
tion, Fr fits in an exact sequence of Ojcb -modules 



(6.11) 



^ Fr ^ Er in*E[[ 



0. 



Since X„ is a Cartier divisor on Xr and E'^ is a locally free Ox„ -module, [SB] Thm 
1.3] implies that Fr is a coherent locally free Oxn-module. 

The morphisms r,i.2i Pr^'Hr) ht in commutative diagrams of Oxn-modulcs 
with exact rows of the form 
(6.12) 

^ Fr ®Xn {M,)r ^ Er ®Xn {Mi)B^ ^ ^n*K' ®Xr (M,) r ^ 



Fr 



Er- 



where i = 1,2, 



3.13) ^Fr^XrMr- 

PR 

Ox, 



Er (SXr Mr 



■O 



■ tn*K' ®Xh Mr 



(6.14) 



Fr^ 



Er- 



Ln*E' 



'II 





tpR 







a 



x„ 



where by convention O^I" = if t;" = 0. 

Let U = Xr \ Xn be the Zariski open subset complementary to X„. By con- 
struction, the restriction J-r\u is isomorphic to £r\u- Therefore the morphisms 
(^fi,i,2, Pfl, f7_R)|c/ satisfy the ADHM relation over U. Since Fr is locally free, it 
follows that they must satisfy the ADHM relation over Xr. Hence J-r is indeed a 
locally free ADHM sheaf on Xr. 
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According to [56j Thm 1.3] there is an exact commutative diagram of Ox^- 
modules 



(6.15) 







ER{~Xn) 



Fr^ 







Er- 



0- 









where Er(—X„) = Er ®Xr Oxai^Xn)- This yields a fihration of Oxn-modules 

(6.16) C Fr{~X,,) C Er{~X„) C Fr C Er. 
Note that we also have isomorphisms of -modules 

(6.17) ER^ERi-Xr,), Fr^Fr{~X,,) 



Applying ®XnOx„ to the commutative diagram (|6.12p we obtain a commutative 

diagram of Ox -modules with exact rows 

(6.18) 



Fr ®Xn (^'^Ofl ®Xn Ox„ 
Fr Ox„ 



Er (E)Xn {Mi)R ®Xh C'a'„ 
Er ®Xn. Cx„ 



in*E'J^ <E)Xn {Mi)R 



l^n*Ej[ 



for i ~ 1,2. Using the filtration (|6.16p and the isomorphisms (|6.17p we obtain the 
following isomorphisms of -modules 

Kcr(/,) ^ Er{~X^)/Fr{~X^) ®Ah {M,)r ~ Er/Fr ®x^ {M,)r ~ t„,<' ®x« (M,)fl 
Ker((7) ~ ER{~Xr,)/FR{-X„) ~ i;^/^^^ ~ 

for i — 1,2. Moreover by construction the following diagram is commutative 



Er ®Xh (M,)fl ^ ER{-Xn) (E,x^ {M,)r ^ Fr ®Xn 



*H,i(-X„) 



Er 



■ ER{—Xn) 



Fr 
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where X„) = ^ra (8i iox„i~Xn)j * — li^. Then using again isomorphisms 

(|6.17p . the commutative diagram ()6.18p yields a commutative diagram of Ox^- 
modules with exact rows 
(6.19) 

^ E': 0x„ C (M,)r ^ CFr (dx. C (M, )r ^ EL 



0- 



- e:' 



■l^*nFR®x„ CiMt)R' 







EL 



0. 



for i = 1,2. 

Similarly, applying ®jfj^Ox„ to the diagram (|6.13p yields the following commu- 
tative diagram of Ox^ -modules with exact rows 
(6.20) 

Ox„ - 



Fr ®Xh Mr (E)Xn C>X„ 

Ox. 



/ 



ERi 



iXn Mr (E)Xt, 



■ t„*K Mr ■ 



(1- 



■ O 



o 



■0. 



Using again the filtration (|6.16l) and the isomorphisms (|6.17p we obtain the following 
isomorphism of Oxji -modules 

Ker(/) ~ ER{-Xn)/FR{~X^) ®x„ Mr ~ Er/Fr ®Xh Mr ~ ®Xh Mr 

Note that if v'^ = 0, the restriction of the vertical morphism p^lox to Ker(/) is 
trivial in the diagram (|6.20p . If — 1, there is by construction a commutative 
diagram of the form 



Er (g>Xn Mr ^ ER{-Xn) ®Xn Mr ■ 

t>R{-X„) 



Fr 



<t>R 

Ox,, 



)X„ Mr 
PR 

Ox, 



where (j)R{-~Xn) ~ 4ir ® ^Ox,{-Xn) ^-nd both morphisms in the bottom row are 
canonical isomorphisms. Therefore, if = 1, the diagram (|6.20p yields again a 
commutative diagram of Ox„ -modules with exact rows analogous to (|6.19l) . 

Entirely analogous arguments applied to the diagram (j6.14p allow us to conclude 
that i^J-R is indeed an extension of the form ()6.10p . 

The third statement of lemma (|6.5p follows easily from the commutative diagrams 
([02| - ([6l4| and remark 

□ 

Next let n = 1 in lemma (|6.5p . hence X„ = Xi ~ X. Suppose that 5 G M>o is a 
stability parameter so that £i — l\£r is not (5-semistable, and £[ is the destabilizing 
/S^-subobject of 8i determined by lemma (|3.14|) . Let Fi = l\Fr. Then we have the 
following lemma by analogy with |5H Lemma 5.1]. 

Lemma 6.6. If d G Q Fi is a nontrivial subobject of Fi, then /3s{G,Fi) < 
Ps {£[ , £i ) and equality holds only if the morphism 

(6.21) g^Fi^E[ 

is surjective. 
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Proof. There are two cases. First suppose Q is a subobject of Note that the 
exact sequence (|6.8p imphes that J-i, £i have the same type (r, e) G Z>2 x Z and 

Hence (3s (£1,^1) < since f3s{£[,£i) > by assumption. Now let H Q £1 he the 
inverse image of Q in f 1 , that is there is an exact sequence 

0^£[^H^g^O 

in Cx,- This yields /^^(g, J^i) = /35(H, fi) - f3s{£{,£i) < < Ps{£'i,£i) and lemma 
(inH) follows. 

Next suppose Q is not a subobject of £(' and let Q' ^ he the image of the 
morphism (|6.2ip . Then we have an exact sequence in Cx 

which yields MG^J^i) = Note that < 

and equality holds only if g' = £[. Moreover, according to the first case I3s{g" , J^i) < 

0. This implies lemma (|6.6p . 

□ 

6.5. Properness. Using the preliminary results proven so far we conclude this 
section with the proof of theorem (|1.5|) . 

Let S S M>o be a noncritical stability parameter of type {r,e). According to 
theorem (|1.2p there is a separated algebraic moduli space dJl^iX, r, e) of finite type 
over C parameterizing isomorphism classes of (5-stablc objects. Since the moduli 
space is separated over C, the S-fixed locus VJl^g{X, r, e)^ is a closed algebraic sub- 
space of 2Tt|* {X, r, e) . In particular it is separated of finite type over C. Therefore it 
suffices to prove universal closedness by checking the valuative criterion |52[ Thm. 
7.10]. Since the fixed loci are separated algebraic stacks of finite type over C, it 
suffices to check the valuative criterion for complete discrete valuation rings R over 
C. 

Let R be such a ring, let K he the fraction field of R and let fc ~ C denote 
the residual field of R. Let p e Spec(i?) denote the closed point of Spcc(i?) and 
t G R denote a uniformizing parameter. In the following we will denote by Xk ~ 
X xSpec{K), Xr = X xSpec(i?), Xp — Xx {p}. The structure sheaves of Spec(_ft'), 
Spec(i?) will be denoted by Ok, Or respectively. Similarly the tensor product of 
Ok, respectively Oj^-modules will be denoted by ®k, ®r and the global section 
functors for Spec(i?), Spec(/\ ) will be denoted by Tr, Tk- 

Let £k be a (5-stable ADHM sheaf of type (r, e) on Xk fixed by S up to iso- 
morphism. Since the fixed locus S[Jl|^ {X, r, e)^ is a closed algebraic subspace of the 
moduli space 9Jl|^ {X, r, e) it suffices to prove that there exists a fiat family £r of 
(5_ -stable ADHM sheaves on X (not necessarily fixed by S up to isomorphism) so 
that £r\xk — as ADHM sheaves on Xk- Then the valuative criterion will then 
be satisfied since the closed embedding (-Y, r, e)^ ^ 97l|^ (-Y, r, e) IS proper. 
The proof will proceed by induction on r > 1. First consider r = 1. 

Lemma 6.7. Let £k = {Ek, ^k,i, 4>Ki be a stable ADHM sheaf of type 
(1, e), e G on Xk fixed by the S up to isomorphism. Then there exists a fiat fam- 
ily £r of locally free ADHM sheaves of type (1, e) on X so that £r\xk i^ isomorphic 
to £k and the restriction £r\x.i, is stable. 
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Proof. Follows from lemmas (|4.1|) . (|6.3p . 

□ 

Let r > 2. Suppose the fixed locus dJl^/ {X , r' , e)^ is proper over C for all types 
(r',e) with 1 < r' < r, e € Z and, for a fixed type (r',e), for all noncritical 
stability parameters of type (r', e). Then wc have to prove the analogous statement 
holds for each fixed type (f, e), e G Z. This will be done by a chamber inductive 
argument starting with the asymptotic chamber 6 > Sn. Lemma (|6.3p implies that 
the statement is holds for S > S^. If iV = 0, there is nothing to prove, so we will 
assume A'^ > 1 in the following. Set 6o = and (Sat+i = +oo. 

Suppose dJlsiX, r, e)^ is proper over C for S € {6i, (Si+i), for some i = 1, . . . ,N. 
Then wc will prove that the same holds for 6 £ Si). Let i? be a complete 

discrete valuation ring over C as above. Let £k be a (S_-stable ADHM sheaf of type 
(r, e) on Xk fixed by S up to isomorphism, for some S- € (<5i-i. Si). 

Lemma 6.8. There exists a flat family En of locally free ADHM sheaves on X 
parameterized by Spec(i?) so that £r\xk '^'^'^ OL^e isomorphic ADHM sheaves on 
Xk. 

Proof. Since £k is i5_-stable, lemma (|4.10p implies that one of the following 
cases must hold 

(1) £k is (Si-stable, hence also (5+-stable for any 5^ e [Si, (Si+i), or 

(2) £k is strictly (5i-semistable and there is a nontrivial extension 

(6.22) Q^£'k^ £k -^£k^Q 

in the abelian category Cxki where £'j^ is a (5i-stable ADHM sheaf on Xk, 
£'^ is a semistablc Higgs sheaf on Xk and Mi5i('^if) — I^sAEk)- Moreover, 
according to remark (|4.1ip . wc may assume that £'j^ — > £k is a morphism 
of ADHM sheaves on Xk ■ 
Suppose case (1) holds. Recall that 9Jl|^(A',r, e)^ is a proper algebraic space of 

finite type over C according to the chamber induction hypothesis. Then j52i Rem. 

7.4] implies that there exists a fiat family £fl of (S-|.-stable ADHM sheaves on X 

parameterized by Spec(i?) and an isomorphism £b\xk — of ADHM sheaves on 

Xk- 

Suppose case (2) holds. Let r' = rk(£^), e' = deg(£'^), respectively r" = rk(£^), 
e" = dcg{£'^). Note that r' < r. According to corollary (|4.12|) . the filtration 
C £'k C £k is a Harder-Narasimhan filtration of £k with respect to 5_(.-stability. 
Then lemma (|6.4p implies that f^, £'^ are fixed by S up to isomorphism. 

Moreover, since is (Si-stable, according to lemma (|4.10I zm) there exists e > 
so that £'p, is 7-stable for any 7 g [Si — e. Si). In particular there exists a noncritical 
value 7 e [Si — e. Si) of type (r', e') so that is 7-stable and there are no critical 
stability parameters of type [r' ,e') in the interval [7, (Si). Since r' < r, the rank 
induction hypothesis implies according to [52j Rem. 7.4] that there exists a flat 
family £'j^ of 7-stable ADHM sheaves on X parameterized by Spec(i?), so that 
^rUk - £'k- 

According to lemmas (|6.1|) . (|6.2p . the same holds for the semistable Higgs sheaf 
£'^. That is there exists a fiat family of £'^ of semistable Higgs sheaves on X 
parameterized by Spcc(i?) so that £r\xk — ^k- 

Moreover, using proposition p.l5|) . the extension ()6.22p determines an extension 
class Zk S M^[Xk,C[£k,£'k)), where C[£'kt£'k) is the complex (|3.4p of coherent 
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locally free Ojc a- -modules associated to the pair Then we claim that 

there exists a locally free extension 

(6.23) Q £'ji^ £r^ E'^^Q 

of ADHM quiver sheaves on Xfi so that £r\xk — ^k- The argument is essentially 
identical to the one employed in the second part of the proof of lemma (|6.2p . 

Let C{£'^,£'fi) be the complex p.4p of coherent locally free -modules corre- 
sponding to the pair By construction we have a canonical isomorphism 

'^i^R^^R)\xK —C{£k,£'k) 

of complexes of Cjca -modules. Since Xk C Xr is a Zariski open subset, this 
isomorphism yields a well defined restriction map 

r : mHXR,C{£'^,£'^)) ^ W\Xk,C{£'^,£'k)) 

which is a morphism of i?-modules. 

Let i G i? be a uniformizing parameter. Since i? is a discrete valuation ring, 
there exists n G Z and a hypercohomology class e^, e IHI^(Xfl// , C(£^, so that 

(6.24) r{tR) = rzK. 

According to proposition (j3.15p . zr determines an extension of ADHM quiver 
sheaves on Xr 

(6.25) Q ^ £'^^ £r^ £'^^Q 

up to isomorphism of extensions. By construction there is a commutative diagram 
of extensions 

^ £r\Xk ^ £r\xk ^ £r\xk ^ 

^£'k ^ £k £'Ji -0 

where the vertical arrows are isomorphisms in Cxk ■ Moreover, by eventually chang- 
ing the representative £r within the isomorphism class of extensions determined 
by zr, we may assume that £'fi £r is a morphism of ADHM sheaves on Xr. 
Since the morphism £'j^ £k is also a morphism of ADHM sheaves on Xk ac- 
cording to the current working hypothesis (see condition (2) above) it follows that 
central vertical arrow in the above diagram is an isomorphism of ADHM sheaves 
^r\xk — ^K- 

□ 

In order to complete the proof of theorem ()1.5|) it suffices to prove 

Lemma 6.9. Given the flat family £r determined by lemma \6.8\) there exists 
another flat family £'j^ of S^-stable locally free ADHM sheaves on X parameterized 
by Spec(i?) so that £r\xk — ^' r\xk '^■^ ADHM sheaves on Xj^. 

Proof. Given lemmas (|3.14p . (|6.5p . (|6.6p . the proof of lemma (|6.9p is identical 
to the proof of the second main theorem of [HI Sect. 3]. More specifically, sup- 
pose £i — £r\xp is not (5_-stable. Then, using lemmas (|6.5p . (|6.6I) one constructs 
inductively a sequence 

(6.26) • ■ • 4"^ 4"-'^ ^ . . . 4) = £j, 
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of locally free ADHM sheaves on Xr as follows. 

Set E'^^^ = Sr. Let f^^"-* = ^R^\xp be the restriction to the closed fiber, let 
jr(n) (- ^(") be the /35_-subobject of f^"^ defined in lemma (jXTi)) and let ^t") = 

£';["■' /-^^"'' • Then Sr''^^'' is the elementary modification of fj^*"* along Xi C Xr 
determined by the exact sequence of Oxi-niodules 

(6.27) ^ f^"^ ^ a*") ^ 

as in lemma (|6.5p . In particular there is a commutative diagram of Oxi -modules 

(6.28) 






According to lemma (j6.6p we have 

/35_(J-("+i),4"+^))</35_(J-("),fl")) 

for all 77, e Z<o. Note that ( fj^'' ) > by assumption. If there exists a 

value of n e Z>o so that Ps^ (-F("\ 5^"^) < 0, lemma dSH) follows. 

Suppose there is no such value of n G Z>o . Then proceeding by analogy with the 
proof of Lemma 2 [51] Sect. 5], lemma (|6.6p implies that the sequence (|6.27p is split 
and the morphisms J^("+i) J^("), C/(") are isomorphisms for sufficiently 

large n G Z>o. Moreover, lemma (j4.13p implies that 5^"'' is 5i-scmistable and J^'"^ 
is a semistable Higgs sheaf on Xi with fj.s.{T^"-'>) = ^5.(5^"^) for all n S Z>o. 

For any n G Z>o, to G Z>i set S^'' \x^ — sln' using the notation of section (|6.4p : 
is a locally free ADHM sheaf on Xm C Xr. Note that there is a morphism of 
-modules f^'' — > iSm'' determined by the inclusion morphisms in (|6.26p . Let 
Frn = Im(£m"-' -5- 8^^) and Qm = Coker(£m"-' -> Em) for aU m G Z„i>i; j;„ is a 
locally free Higgs sheaf on Xm . 

Then, using lemma (|6.5p . all arguments in the proof of Lemma 2, [ST] Sect. 5] 
carry over to the sequence of locally free ADHM sheaves (|6.26p since R is assumed 
to be complete. This proves that there exists a (^.-destabilizing subobject C 
J-K C £k, which contradicts the inductive hypothesis. 

In conclusion, there exists n G Z>i so that is a flat family of iS.-stable ob- 
jects of Cx of type (r, e). Lemma (j6.5l Mi) implies that there exists an isomorphism 
^'r^Xk — of ADHM sheaves on Xk- Lemma (|3.1ip implies that the restriction 
Er^\xj, is a (5_-stable ADHM sheaf on X, concluding the proof of lemma (|6.9p . 
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□ 

7. Versal Deformations and Holomorphic Chern-Simons Theory 

The main goal of this section is to show that the recent results [321 HI] of Joyce 
and Song on Behrend functions for algebraic moduli stacks of coherent sheaves on 
smooth projective Calabi-Yau threefolds also hold for the moduli stacks constructed 
in section (j5.2[) . This will be needed in the second part of this paper, which is 
concerned with wallcrossing formulas for ADHM invariants. 

Let Db{X)<i, Db{X)Q be the algebraic moduli stacks constructed in lemma 
()5.2|) . Let Ai{X)o denote the coarse algebraic moduli space of simple 

objects in Db{X)<:i, Db{X)o. The first goal of this section is to prove that the 
statements of glThm. 5.2] and [H Thm. 5.3] hold for M{X)<i, Db{X)<i, 
respectively Ob{X)o, Ai{X)Q. For simplicity, we will denote extensions groups in 
the abelian category Cx by Ext( , ) in the following. Then by analogy with [43] we 
claim 

Theorem 7.1. Let AA denote either M{X)<i or A4{X)o. Then for each C-valued 
point [£] £ A4{C) there exists a finite- dimensional complex manifold U, a holomor- 
phic function uj : U <C and a point u € U so that uj(u) — dw(u) — and A4(C) 
is locally isomorphic as a complex analytic space to Crt(w) near u. Moreover, U 
can be taken to be isomorphic to an open neighborhood of u ^ in the vector space 

Similarly, let DJl denote either Db{X)<iOT Ob{X)o. According to [431 Thm 5.3], 
the general theory of Artin stacks implies that for any C-valued point [£] € S[t(C), 
there exists an Aut(f)- invariant subscheme S C Ext {£,£) over C parameterizing 
an Aut(f )-equivariant versal family £s of locally free objects of Cx with w G {0, 1} 
so that £s\xa — £■ Moreover there exists an etale morphism of Artin stacks $ : 
[S'/Aut(£:)] -^mso that $([0]) = [£], 

(7.1) : Stab([0]) ~ Aut(f ) ^ Stab([£:]) 
and 

(7.2) d$ : r[o]['5'/Aut(£:)] ~ Eiit\£,£) T^g^M 
are natural isomorphisms. Then the following holds. 

Theorem 7.2. For each <C-valued point [£] G 9Jt(C) there exists an open neigh- 
borhood of U (Z Ext {£,£) in the analytic topology, a holomorphic function 
u) : U ^ C so that w(0) = duj{0) ~ and an open neighborhood of V G S'an 
so that there is an isomorphism of complex analytic spaces 5 : Crt(a;) V satisfy- 
ing S(0) = and cEq = IdExti(£,£)- Moreover, if G is a maximal compact subgroup 
of Aut{£), U,w,V can be chosen to be G^-equivariant. 

Proof of Theorems |y.i[ ), 1^7. 2\ ). Since we have restricted ourselves to locally 
free objects, theorems (|7.ip . (|7.2p can be proven using gauge theoretic methods in 
complete analogy with [331 Thm 5.2], [331 Thm 5.3]. One has to check that the 
main arguments in |58| . |43j carry over to the current decorated bundle moduli 
problem. A gauge theoretic approach to various decorated bundle moduli problems 
has been previously employed for example in [12l [TOl [HI |66l O HSl |85l [67l [50l [TH 
[3 [m [a [Sg [g [9]. The main steps will be outhned below. 
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Step 1. Since X is a smooth projective curve over C, it has a complex man- 
ifold structure, which will be denoted by X. Let Af^", M|" denote the complex 
holomorphic line bundles on X corresponding to the invertible sheaves Mi , M2 on 
X. Let Ml, M2 denote the underlying C°°-vector bundles of the holomorphic line 
bundles M^", M|" and let 9i, 82 denote the corresponding Dolbeault operators. 
Set M = Ml (g)c M2 and note that there is a fixed isomorphism M^^^'A^^. Let 
denote the canonical Dolbeault operator acting on sections of the trivial complex 
line bundle on X. 

A ^-framed holomorphic ADHM bundle on X is defined by the data £ = 
[E, d, V, ^1,2, 4>, ip) where E is a. C°° complex vector bundle on AT, 

d:C'^{E)^C'^{E ®c A*^^) 

is a semiconnection (or Dolbeault operator) on E as defined in [53] Def. 9.1], V is 
a complex vector space of dimension v G {0, 1} and 

e C°°{Hom{E ®c Mt,E)), e C°°{Hom{E (E>c M,A°f ®c V)) 
(7.3) . . ^ 

^£C^{E ®c V) 

are C°°-morphisms of complex bundles on X satisfying the ADHM relation. In ad- 
dition note that the Dolbeault operators 9, 9oj di, 82 determine similar differential 
operator on each space of section in (j7.3p . and each morphism ($1.2, 0, "0) is required 
to lie in the kernel of the corresponding Dolbeault operator. Obviously, (j) and tp 
are identically zero ii v = 0. Note that using the fixed isomorphism M^^^-A^", 

the morphism is identified with a section in C^{Hom{E^A}^ ®c V)). Such an 
identification will be implicit from now on. 

For future reference a F-framed C°° ADHM bundle is defined by data [E, $1,2, <P^ V') 
as above, except that no holomorphy condition is imposed. The definition of iso- 
morphisms of C°° of V- framed ADHM bundles is obvious. 

Given any C°° complex vector bundle E, consider the following infinite dimen- 
sional affine space 

s^ADHM = X C°°{Hom{E ®c (Afi © M2), i?)) x 
^^■^^ C"°{HomiE,AY ®cV)) X C°^{E (ScV") 

where is the affine space of semiconnections on E. 

The group of gauge transformations acting £/adhm is the infinite dimensional 
Lie group ^ C°°{Aut{E)) x (C'')''" where Aut{E) C End{E) is the subbundle 
of invertible endomorphisms of E. Note that the second factor (C^)^^ represents 
the stabilizer of the canonical Dolbeault operator do on the trivial line bundle 
A^° XcV. The later has to be kept fixed in this construction since our goal is to 
obtain a local presentation of moduli stacks of objects in the abelian category Cx 
rather than the larger abelian category Qx of ADHM quiver sheaves on X. 

The data (9, $1.2, 0, ■0) will be called simple if its stabilizer in $^ is isomorphic 
to the canonical subgroup. The subspace of simple data will be denoted by 

Suppose £ = {E, ^1,2, 0, ^) is a F-framed holomorphic ADHM bundle on X and 
let (d + A, ^1^2, P, v) € ■b/adhm, where A £ C°°{End{E) ©c A¥). Note that there 
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are natural cup-products 
(7.5) 

C°°{End{E) ®c A°^^) 8) C°°(ffom(^ ®c Mi, E)) -> C°°{Hom{E ®c M„E) ®c A 

C°°{End{E) ®c A°/) ® C°°(^ ®c l^'') -> C°°{E ®c "l^"" f^c A°/) 

C°°{Hom{E, (Af) 0c T^)) ® C°°{End{E) ®c A°^') -> C°°{Hom{E, (Af) ®c ^)) 

C^{Hom{E ®c M„E)) ® C°^{Hom{E ®c M^.^^E)) C°°{End{E) ®c A^°), 

C^{E ®c V) ® C^iHomiE, (A^°) ®c 1^)) ^ C°°{End{Ef'' ®c A^°) 
where i = 1,2. Then the data 

a + ^, $1 + $2 + *2, + P, 1^ + ??) 

defines a ^-framed holomorphic ADHM sheaf structure on E if the following con- 
ditions are satisfied 

9*1 + + *!] = 

9*2 + ^2 + 1'2] = 

(7.6) 9/9 - (0 + p)A = 

977 + ^(V' + 77) = 

*2] + $2] + *2] + # + -0P + W = 

where all products are the natural cup-products (|7.5p and the commutators are 
commutators of cup-products. 

Finally, note that there is an obvious one-to-one correspondence between V- 
framed holomorphic ADHM bundles £ on the complex manifold X and locally free 
objects £ of Cx with v € {0, 1}. Moreover, for any V^-framed holomorphic ADHM 
bundle £ on X there is a three term complex C{£) of C°° complex vector bundles on 
X constructed by analogy with the deformation complex (|5.9p . Given the Dolbeault 
operator 9, C{£) admits a canonical Dolbeault resolution, which yields in turn a 
hypercohomology double complex. Let Cob{^) be the total complex of the resulting 
double complex, and let CDb{£) denote the complex obtained by taking global C°° 
sections of the terms of CDb{£)- Let ]Hl|,j(A", C(f )), k G Z>o, be the cohomology 
groups of CDb{£)- Then there are isomorphisms of complex vector spaces 

m),,{X,C{£))c^n\X,C{£)) 

for all k G Z>o. 

Choosing hermitian structures on X,E, the complex CDb{£) will be elliptic, and 
the hypercohomology groups ]HI^^(A', C(£)) are identified with spaces of harmonic 
bundle valued differential forms using Hodge theoretic methods. Analogous con- 
structions have been carried in [8l Sect. 3] for Higgs bundles, respectively [9j Sect. 
5] for triples, hence details will be omitted. 

We can also construct complex Banach manifolds by taking appropriate Sobolev 
completions of the spaces s^adhm, ■^adhm^ respectively a complex Banach group 
by taking a Sobolev completion of as in [SSJ Sect. 1], [331 Sect. 9.1]. 

Given a C°° complex vector bundle i? on X, families of F-framed holomorphic 
ADHM structures on E are defined by analogy with [58l Def. 1.5], O Def. 9.2], 
or [50l Def. 2.3]. Then the existence of a versal deformation family extending a 
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given framed lioloniorphic ADHM bundle £ follows from [49l Thm. 1.1] by an 
argument analogous to [501 Thm 2.4]. Alternatively, one can check that the proof 
of |58[ Thm 1.] carries over to the present situation with appropriate modifications. 

Step 2. Next note that X also has a structure of complex analytic space X^" , 
and one can obviously construct a category of analytic ADHM quiver sheaves by 
analogy with the abelian category Cx ■ This category will be denoted by Cx^" ■ 
Then given a locally free object of Cx^" with v e {0, 1}, one has to establish the 
existence of a versal deformation family of analytic objects of Cx'" which extends 
£^". The analogous result for complex analytic vector bundles has been proven in 
[24l [82] . As observed for example in [50] the extension to families of decorated 
analytic bundles follows from the complex analytic version of the standard repre- 
sentability for Hom functors presented for example in |221 Thm 5.8]. The complex 
analytic version of this result follows from |23| . 

Now let f be a T^-framed holomorphic ADHM bundle on X and let T denote the 
base of the versal deformation family of V^-framed holomorphic ADHM bundles ex- 
tending £;T is a. finite dimensional complex analytic space. Let ttx^" ■ X^" xT ^ T 
denote the canonical projection. Let £^" the locally free object of Cx'" correspond- 
ing to £. Then by analogy with [5i Prop 2.3], [Ml Prop. 9.5], or [53[Thm. 2.5] 
there exists a versal deformation family £^" with base T extending £^" and an iso- 
morphism £^^^tt'^,„£ of C°° V^- framed ADHM sheaves which induces the versal 
deformation family of £. Moreover, £^ is universal if £ is simple. 

Step 3. Next let f be a locally free object of Cx and let £^" be the corre- 
sponding complex analytic object. Using the standard representability result [H] 
Thm 5.8] for Hom functors, and the existence of an algebraic versal deformation 
family extending £ proven in [43l Prop. 9.8], it follows that there exists an alge- 
braic versal deformation family of objects of Cx extending £. Moreover, [43] Prop. 
9.9] proves that the algebraic and the analytic versal deformation families associ- 
ated to a given holomorphic vector bundle are locally isomorphic with respect to 
the complex analytic topology. The extension of this result to ADHM sheaves is 
straightforward. 

Step 4. In order to conclude the proof of theorems (|7.H 17. 2p it suffices to 
prove the existence of a holomorphic functional on the Sobolev completion of the 
space £^ADHM, for any 1/- framed holomorphic ADHM sheaf £ on X, with the same 
properties as the holomorphic Chern-Simons functional employed in [43] Sect. 9.5]. 

As observed in step 1 above, the Dolbeault operators d, do, 9i, 82 determine 
similar Dolbeault operators on all spaces of sections in the right hand side of (|7.4p . 
In order to keep the notation short all the resulting operators will be denoted by 
the same symbol d, the distinction being clear once the argument of the operator 
is specified. 

Then the holomorphic Chern-Simons functional for 1^-framed ADHM sheaves is 
defined by 



(7.7) 

C5: (Afi,2,P,^)^ 




Tr(*251'i + pdij + *2] + $2] + *2] 



+ Aipp + Arj(j) + At]p) 
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where all products are the natural cup-products (|7.5p and the commutators are 
commutators of cup-products. Note that given the cup-products ()7.5p it is straight- 
forward to check that the integrand in the right hand side of equation (|7.7p is a 
section of A^^ . It is also straightforward to check that the functional ()7.7p is gauge 
invariant, and the critical points of the functional (|7.7p are determined by the 
equations (|7.6p . 

□ 

Lemma 7.3. Let £i, 82 be two locally free ADHM sheaves on X of numerical types 
(ri,ei,l), (r2,e2,0). Let 

X(fi,f2) dimExt°(£:i,£:2) - dimExt^(fi, £2) 

- dimExt" {£2 , f 1 ) + dimExt ^ (f 2 , f 1 ) . 

Then xi^ii^T) = 62 — 7'2(.g — 1) depends only on the numerical types of £1^82. 

Proof. Recall that corollary (|3.17p proves that the extension groups Ext^(fi,f2) 
are the hypercohomology groups of the three term locally free complex C{£i,£2) 
written in equation (j3.4p . Then lemma (|7.3p follows by a straightforward application 
of the Riemann-Roch theorem. 

□ 

Next let V denote Behrend's constructible function for the Artin stack Oh{X)<i 
constructed in [43l Prop. 4.4]. Then the following theorem holds by analogy with 
[H Thm. 5.9]. 

Theorem 7.4. Let£i,£2 be locally free objects ofCx with v{£i) + v{£2) < 1. Then 
the following identities hold 

(7.8) HiSi © £2]) - (-l)>^(^-^^'z^([fi])K[f2)]) 



(7.9) 



H[£])dx- / i^m)dx 
[£] eP(Exti (£2 ,£1 ) ) J [£] eP(Exti (£1 ,£2 ) ) 

0->-£i^£-s-£2->0 0-)-£2^£->-ei->0 

dimExt^ {£2 ,£i)~ dimExt^ {£1 , £2 ) 



Appendix A. Higgs Sheaves and Framed Hitchin Pairs 

For completeness we summarize the main results on moduli of Higgs sheaves and 
framed Hitchin pairs used in this paper. Let AT be a smooth projective curve over 
an infinite field K of characteristic 0. Let (Mi, M2) be fixed line bundles on X. 

Definition A.l. (i) A Higgs sheaf of type (r, e) on X with coefficient sheaves 
(A/i,M2) is a collection £ = (i?, $i,$2) where E is a coherent sheaf of type (r,e) 
on X and 

$1 : E ®x Mi ^ E 
are morphisms of Ox -modules satisfying 
(A.l) $1 o ($2 ® 1a/i) -$20 ($1 ® 1m^) = 0. 

(ii) A morphism of Higgs sheaves £,£' is a morphism ^ : E ^ E' of coherent 
sheaves on X satisfying the obvious compatibility conditions with the data $1.2, 

'^'1,2- 



46 



D.-E. DIACONESCU 



[iii) A Higgs sheaf £ = (iJ, $i,$2) of type (r, e) on X is called (semi)stable if 
any nontrivial (^-invariant proper saturated subsheaf <Z E' <Z E satisfies 

(A.2) ^,{E') (<) ^l(E) 

The following theorem summarizes the properties of moduli of Higgs sheaves 
following [551 [HIES]. 

Theorem A.2. Suppose X is a smooth projective curve over C and let Mi, M2 he 
fixed line bundles on X as in the main text. Let X ~ {X, Mi, M2). Then 

(i) For (r, e) G Z>i xZ there is a quasi- projective coarse moduli scheme Higgs'^^{X , r, e) 
over C parameterizing S-equivalence classes of Higgs sheaves of type (r, e) on X 
with coefficient sheaves (Mi,M2). The scheme Higgs'"^{X ,r,e) contains an open 
subscheme Higgs''{X , r, e) which parameterizes isomorphism classes of stable Higgs 
sheaves. 

(ii) There is a proper Hitchin morphism h : Higgs^'^{X ,r,e) — >■ H where H = 
®n=o-^''(^; ^^^^"(-^^i" ® M2 )) mapping a poly stable Higgs sheaf of type {r,e) 
to its characteristic polynomial. 

Moreover, the boundedness results and the construction of parameter spaces 
presented in |651 [8T1 [76] imply the following theorem 

Theorem A. 3. For fixed {r,e) E Z>i x Z there is an algebraic moduli stack of 
finite type over C ffi^Qs'^" {X ,r, e) of semistable Higgs sheaves of type {r,e) on X. 
The coarse moduli scheme Higgs^^{X ,r,e) is a good moduli space for the stack 
f)i0gs*'*(r, e) in the sense o/[l]. In particular there is a surjective universally closed 
morphism ip : Sy\,^^5''^ i^X ,r,e) — > Higgs'^'^{X,r,e). 

Proof. Using the results of (53] [ST] [75] the algebraic stack in question is in fact a 
quotient stack of the form [R/GL{M,C)] for some quasi-projective scheme R and 
some M > 0. The second statement is entirely analogous to [l] Ex. 7.7]. 

□ 

Remark A. 4. (i) Note that for certain values of {r, e) any semistable Higgs sheaf 
of type {r, e) must be stable. For example this holds if (r, e) are coprime. 

{ii) In order to simply the exposition, we will adopt the following notation con- 
ventions for Higgs sheaves. Suppose £ = $i,$2) is a Higgs sheaf on X with 
coefficient sheaves Mi,M2. Given a finite sequence : E ®x — > E, where 
n > 1 and (ii, . . . , i„) G {1, 2}^", the composition 

° ^ 1m,„ ) o • • • o ($,^ ® 1m.,®x-®xM,„ ) : ®x ®x ■ • ■ ®x ^ E 

will be denoted by 

. . . : E(g>x M^, ®x . . . ®x Mj„ ^ E. 

Definition A. 5. A framed Hitchin pair of type {r,e) on X is defined by the data 
(E, $1, $2, x) where {E, $1, $2) is a Higgs sheaf of type (r, e) on X with coefficient 
sheaves Mi , M2 as defined in iA . 1\) and x '■ E ^ Ox is a morphism of sheaves. 

Remark A. 6. (i) Note that in |79j . framed Hitchin pairs are augmented by adding 
an arbitrary e E C to the data H of definition \A.5[ ) This is needed in order to 
obtain a projective coarse moduli space of semistable objects. For the purposes of 
the present paper, it suffices to consider such objects with e ^ 0, in which case it 
can be set to e = 1. Therefore e can be omitted altogether. As a result, the moduli 
spaces will be only quasi-projective. 
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(m) The objects defined in iA.5\) are should be called symmetric Hitchin pairs 
with twisting data Mi ® M2 and framing data Ox in the terminology of [79j . For 
simplicity we will call them framed Hitchin pairs in this paper since there will be no 
risk of confusion. 

Let us next recall ^-stability for framed Hitchin pairs [79]. Let 5 G M>o be a 
stability parameter. 

Definition A. 7. A framed Hitchin pair {E, $i, $2, x) 5 -(semi) stable if x not 
identically zero and the following conditions hold 

(i) For any ^-invariant nontrivial proper saturated subsheaf Q <Z E' <Z E we 
have 

[ii) For any ^-invariant nontrivial proper saturated subsheaf C E' C E so 
that E' C Ker(x) we have 

(A.4) ^{E') (<) ^,iE) - 1 

A framed Hitchin pair {E, $1, $2, x) of type (r, e) on X is asymptotically stable if 
X is nontrivial and there exists no ^-invariant nontrivial proper saturated subsheaf 
OC E' C E so that E' C Ker(x). 

Then [79l Thm 1.7] and [79l Prop. 2.9] imply the following 

Theorem A. 8. (i) There is a quasi-projective moduli scheme FHg'^{X, r, e) param- 
eterizing S -equivalence classes of S-semistable framed Hitchin pairs of type (r, e) on 
X. There is an open subscheme FHg(X,r,e) C FHg^(X,r,e) which is a fine mod- 
uli space for isomorphism classes of S-stable framed Hitchin pairs of type (r, e) on 
X. 

[Hi) Let H = ®l^iH°{X, S"^(Aff 1 e M'^)). Then there is a proper morphism 
fh : FHg'' {X ,r, e) — > H mapping a S-polystable framed Hitchin pair to its charac- 
teristic polynomial. 

(Hi) For fixed (r, e) £ Z>i x Z there exists 600 G II^>o so that for any S > Soo, a 
framed Hitchin pair of type (r, e) is 5-semistable if and only if it is S-stable and if 
and only if it is asymptotically stable. 
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